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On Regression Estimation of Finite Population Means 

GIORGIO E. MONT ANARI1 

ABSTRACT 

This paper examines the main properties of the generalized regression estimator of a finite population mean and those of 
the regression estimator obtained from the optimal difference estimator. Given that the latter can be more efficient than the 
former, conditions allowing this to happen are established, and a criterion for choosing between the two types of regression 
estimators follows. A simulation study illustrates their finite sample performances. 

KEY WORDS: Generalized regression estimator; Difference estimator; Auxiliary information. 

1. INTRODUCTION 

Regression estimation is an effective technique for 
estimating survey variable finite population means or totals 
when the population means or totals of a set of auxiliary 
variables are known. The problem can be stated as follows. 
Consider a finite population 19 = { a 1, a2, ... , aN} consisting 
of N units labelled 1, 2, ... , N. Let Y be the value of unit a 

I - N I 

of a survey variable y whose population mean Y = L YJN 
has to be estimated by means of a sample drawn from 19. 
To this end let us suppose that the population mean 
X= 'I~ xi IN of a q-dimensional auxiliary variable vector, 
having xi= (x1i,x2 i, ... ,xqy as its value for unit ai, is 
known, for example from administrative registers or a 
census. The entries of xi can be quantitative as well as 
indicator variables denoting the membership of the unit to 
given subpopulations. Lets be the set of sample unit labels 
obtained from a sampling design having first order 
inclusion probabilities 1ti, i = 1, 2, ... , N, strictly positive. 
Then, a regression estimator can be written as follows 

(1) 

. . 
where Y = LEsYJN1ti and X= LEs3/N1ti aretheHorvitz
Thompson unbiased estimators of Y and X, respectively, 
and p is a vector of regression coefficients, given by s_pme 
function of sample data { (Y, x' ), iEs}. Briefly, Y is 

I I ,.. r 
obtained by adding to the unbiased estimator Y terms 
proportional to the difference between the true means of 
the auxiliary variables, X k = .L~ xkJN, k = 1, 2, ... , q, and 
the corresponding estimates X k = LiEsxkJN1tr 

This paper discusses the two chief methods of 
constructing the vector p and the properties of the 
corresponding regression estimators. A criterion based on 
a first order approximation analysis is then given for 
selecting one of the two alternatives. Finally, the results of 
two empirical studies, carried out to explore the finite 

sample performances of the examined estimators, are 
reported. All unsubscripted expectations and variances are 
taken with respect to a sample design. When calculations 
are made with respect to a model, a subscript m will be 
used. 

2. MAIN PROPERTIES OF THE REGRESSION 
ESTIMATOR 

Mild restrictions on the second order inclusion proba
bilities of the sampling design and on the limiting pop
ulation momen~s of Yi and xi are sufficient to ensure that 
the estimator Y r can be approximated by the difference 
estimator 

Y r = Y + ex -xy p, (2) 

where p is the limit in probability of the vector p, when 
both the sample size and the population size go to infinity, 
and the limit is defined as in Isaki and Fuller (1992): Wright 
(1983); Montanari (1987). Then, the large sample perfor
mance of the regression estimator can be studied by means 
of its linear approxi~ation (2). As a consequence, the 
r~gression estimator ~ is approximately unbiaseg, because 
Y is unbiased. The sampling variance of Y can be 

r - r 
approximated by that of Y, given by 

. . . 
where V(Y) is the variance o( Y, V(X) )s _the q x q 
dimensional variance matrix of X, and c; (X, Y), is the q 
djmensional covariance vector between X and Y. Since 
Y, can be rewritten 

- ui 
Y, =X' p + L 

iEs N1ti' 
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An approximately unbiased estimator of V(Y,) is given by 
the Horvitz-Thompson formula 

where U; = Y; - x;' tl Alternatively, when the sample size 
is fixed, the Yates-Grundy variance estimator is available, 
i.e. 

~ "' "" "" (1tl1tj- 1tlj) [ 01 ~)2 
V (Y,) = L.. L.. 

2 
- - -

IES j>l N 1tlj 1tl 1tj 

Ijenceforth V(Y,) will be called asymptotic variance of 
r;. 

3. THE GENERALIZED REGRESSION 
ESTIMATOR 

Two methods are generally used for constructing the 
vector tl The first one has been developed within the 
framework of the model assisted approach to survey 
sampling inference, as it is described in Sarndal, Swensson 
and Wretman (1992; sec. 6.4) and Estevao, Hidiroglou and 
Sarndal (1995). Letting Y; be either a random variable or 
an observation of it, consider the following linear 
regression superpopulation model 

{ 

Em(Y;) =x;' J:J, 

Vm (Y) = o2 v;, 

Cm (Y;, Yj) = 0, 

i=1,2, ... ,N, 

(4) 

where E , V and C denote expected value, variance and m m m 
covariance with respect to the model; J3 and o2 are 
unknown model parameters; v; is a known function of x;. 
The vector 

is the census least squares estimator of J:J. Under general 
conditions, such as those quoted in the referenced papers, 

is a consistent estimator of P1 and when replaced in (1) 
gives the generalized regression (GREG) estimator 

(6) 

In addition to those stated in section 2, this estimator has the 
following properties: (i) the means of the auxiliary variables 
estimated through GREQ equal the corresponding known 
population means, i.e. X,1 =X; (ii) the model exp~cted 
value of the asymptotic sampling variance, i.e. Em V ( Y r 1) , 

is a minimum among all asymptotically design-unbiased 
estimators of Y(Wright 1983). Consequently, if the model 
is well specified, no other asymptotically unbiased 
estimator exists that is on th~ average (with respect to the 
model) more efficient than f, 1 • 

Well known estimators currently used in practice, such 
as the ratio and post-stratified estimator, belong to the class 
of GREG estimators. Furthermore, such a class has recently 
been extended by means of the calibration technique 
(Deville and Sarndal 1992) to better control the variability 
of the final observation weights. 

4. THE OPTIMAL ESTIMATOR 

For constructing an alternative regression estimator 
based on the same auxiliary variable x. a second approach 

- I 

considers the vector J3 that minimizes the asymptotic 
varijlnce (3) of the difference estimator (2). Assuming 
V(X) non singul'!.f, i.e. there are no linear combinations of 
the entries of X with a zero sampling variance, the 
minimum variance vector is given by 

Now,c9nsidertheqnbjasedestimators V(X) and C(X, fr) 
of V(X) and C (X, Y), respectively, that exist provided 
that the second order inclusion probabilities of the sample 
design are all positive. They are given by the Horvitz
Thompson formula or the Yates-Grundy formula when 
applicable. For example, using the former we have the 
estimated covariance vector 

~ "" "" -I: 1 - 1t; I: I: 1tij - 1t; 1t1 C(X,Y)- xY-- + x Y . 
I I 2 I j 2 

iES N2 1t iES }*i N 1t 1t 1t . 
I I j 1J 

Using V(X) and C(X, Y) wegetthealtemativeregression 
estimator 

f-,2 = Y. + ex -X)' 132 , 

(5) where 132 [V(X)r 1 C (X, Y). It was studied by 
Montanari (1987) an.d called by Rao (1994) the optimal 
estimator. When V(X) is singular and its rank is q' < q, to 
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Under the superpopulati,~m IlJOdel upon which Yr 1 is 
based on, w~ haye Em [C(Yrl' D h)] = 0 and a negligible 
value of C(Yri' Dh) is expected for all h. It can be easily 
seen that for simple random sampling, formula (11) is 
identically zero. But in complex sampling schemes such 
covariances might take non negligible values, for example, 
when in a multistage sampling scheme a linear regression 
of the primary unit totals of z hi on the totals of dhi yields a 
non negligible intercept for some h. See Casady and 
Valliant (1993) for a case study. 

6. EMPIRICAL STUDIES 

The above analysis is based on first order approxi
mations. In the foll9wing erqpirical studies the finite sample 
performances of Yr1 and Yr2 will be explored within the 
framework of example 2. 

6.1 The First Empirical Study 

In this first empirical study we consider a population of 
infinite size subdivided into two strata of equal weights and 
a proportional stratified random sampling design to estimate 
the mean of a survey variable y. To this end, let us suppose 
that there exists a scalar variable x that was not available for 
stratification but with a known population mean X and 
unknown stratum means (i.e., the x values are not available 
for nonsampled units). 

Since only the population mean of xis assumed known, 
a reasonable superpopulation model that can be assumed to 
identify a GREG estimator is the linear regression one, with 
homoscedastic errors, i.e., E (Y) =a+ x A, V (Y) = cr2, m 1 ,t-' m 1 

Cm (Y;, lj) = 0, i * j. The auxiliary variable plugged into (5) 
is x; = ( 1, xy and the corresponding GREG estimator can 
be written 

where y and x are the sample means ofy and x, s is the yx 
sample covariance between y and x, and s} is the sample 
variance of x. The linear approximation is 

-:::: - 2 
Yr1 = y +(X- x)Sy/Sx, 

where syx and s; are the population analogues of s and 
2 ~ 

sx. 
Dropping the first component of x; = (1, xy, whose 

mean is estimated without error, the optimal estimator 
based on the same auxiliary variable is given by 

Yr2 = .Y +(X- x)C(y,x)IV(x), 

where X is the population mean of x, C (y, x) and V ( x) 
are the standard unbiased estimators of the covariance 
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between y and x and the variance of x, respectively. The 
corresponding linear approximation is 

- -
Y r2 = Y +(X- x)C(y, x)l V(x), 

where C(y,x) and V(x) are the true covariance and 
variance. 

In this case, the expression of A.(Yrl' Yr2) simplifies to 

- - "2 s 2 ( "2 s s l A.(Y , y ) = L....1 hx L...1 hxy _ --1:':: 
rl r2 "2 2 "2 2 2 ' 

L....l shu L....l shx sx 

and it can be estimated replacing the population variances 
and covariances with the sample analogues. 

Four simulations were performed. In the first two, the 
sample values of x were drawn from a uniform distribution 
on [30-70] in the first stratum and [50- 90] in the second 
one. The sample values of y, given x, were drawn from a 
normal distribution with expected values 1.26x in the first 
stratum and 0.82x in the second. The conditional variance 
was 8x in both strata in the first simulation and 3x in the 
second one. In the third and fourth simulation, the sample 
values of x were drawn from a linearly transformed gamma 
random variable with parameters chosen to achieve the first 
two simulation stratum means and variances for x andy and 
an asymmetry index for x (given by the ratio between the 
third central moment and the third power of the standard 
deviation) equal to 2.5. This allows studying the effects of 
a strong asymmetry in the marginal distributions 9f y ~nd x. 

The populations were construct~d tq, have A(Yrl' Yr 2) = 

8.1% when V(Y[x) = 8x, and A.(Yrl' Yr2) = 18.6%, when 
V(Y[ x) = 3x. Note that the GREG estimator based on the 
true model is the separate ratio estimator; however, its use 
would require the knowledge of the stratum means of x, but 
they are assumed unknown. 

In each simulation we drew 10,000 samples of size 20 
(ten units per stratum), and 5,000 of size 40 (twenty units 
per stratum). For each sample we somputed the v~lue§ of 
t_tle !iorvitz-T~opps2n estimator Y = y, and of Yrl' Yr 2, 

.I:'rl' Yr2' and A.(Yrl' Yr2). We alsq,computed an,esti!flator 
Y;.3 , defined to take the value of Y 1 , when i.. (Y 1 Y 2) ~ .... r ..... r ' r 
8%, and the value of Yr2 otherwise. So, Yr3 is a sample 
d_epende11t type estimator, constructed choosing _bet..yeen 
Yr1 and Yr 2 according to the estimated value of A (Yr1, Yr 2). 

Here, 8% is a!) arbitrarily chosen threshold, over which 
shifting from Yr1 to Yr2 is thought to be convenient. 

Table 1 reports for each simulation the empirical results 
achieved with reference to the percent relative bias of 
estimators (RB) and the mean squared error (MSE), in the 
latter case having set that of the Horvitz-Thompson 
estimators equal to 100 by multiplying the MSE values by 
1 00/MSE (ji). As we can see, the biases are all negligible 
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(the biggest absolute value is less than 0.6% and all biases 
are less than 10% of the corresponding standard errors) and 
contribute to the MSE in a negligible manner. The MSE 
r~ductiq,n percentages that can be achieved shifting from 
Yr1 to Y, 2 an; apgroximately equal to the fixed in advance 
values of lv(Y,i' _f,2), i.e.,_8.1% and 18.6%. The effective 
MSE values of Y,1 and Y, 2 are greater than the corres
ponding asymptotic values, in particular when the 
population is asymmetric and the estimator is the optimal 
one. For e~ample, in the third simulation, when n = 20, the 
MSE of Y,1 shows a 5.1% relative increase 9ompared to 
that of Y," while the corresponding value for Y,2 is 10.7%. 
Doubling the sample size, those relative values decrease to 
2.8% and 3.6%, respectively. As we observed jn example 
2, when the sample allocation is proportional, Y,2 is equal 
to the GREG estimator based on a homoscedastic linear 
model that fits two parallel regression lines in the t~o 
strata. So, the greater loss in efficiency percentage of Y, 2 

with respect to its asymptotic variance can be explained by 
the added parameter to be estimated in the model. 

The performance of Y, 3 is also interesting; this estimator 
i§ approximately un~iased and its MSE is lower than that of 
r,, the more often Y,2 is selected. Table 1 reports for each 
sim..ulat!on the perc~ntages of samples for, which 
~(Y," Y,2) > 8% and Y, 2 was sel~tec!)nstead of ?,1• The 
h}gher is the theoric_ value of lv(Y,i' ?,2), the more often 
Y 2 is chosen over Y 1• 

r r ' 
Obviously, the performance of Y,3 depe~d~ on~ the 

sampling distribution of the sample statistics A.(Y," Y,2). 

Table 2 reports the means, the standard deviatiqps, ~nd 
some quantiles of the empirical distributions of ~(Y,i' Y,2) 

for the gamma populations, which are the mor~ prqblematic 
ones. As it can be seen, the distributions of ~ ( Y,1, Y,2) were 
in all cases positively skewed and highly variable. This 
means that larger sample sizes than thos~ covsidered here 
are needed to get reliable e§tim~tes of lv(Y,i' ?,2). Clearly, 
the less the vaqance of ~_(?,,, P,2), the higher is the gail) in 
efficiency of ?,3 over ?,, when ~he true value of A.(Y," 
Y,2) i§ over !he threshold for ~(Y,i' ?,2) chosen to shift 
from ?,, to Y,2 . 

Table 1 
- - ~ A A 

Empirical percent relative bias (RB) and Mean Squared Error (MSE) of y, Y, 1, Y,2, Y, 1, f,2 and f,3 
" ~ ~ 

and percentage of samples for which I.(Y,1, Y,2) > 8% in the first empirical study 

Uniform populations 

V(Yix)=8x V(Yix)=3x 

n = 20 n =40 n = 20 n = 40 

Estimator RB (%) MSE RB (%) MSE RB (%) MSE RB (%) MSE 

y -0.06 100.0 -0.08 100.0 0.12 100.0 -0.10 100.0 

f,l -0.05 83.8 -0.06 84.1 0.10 69.4 -0.05 68.8 

Y,z -O.Q3 77.3 -0.04 77.7 O.Q7 56.2 O.Ql 55.8 

Y,t 0.07 87.7 -O.Ql 86.2 0.22 73.4 -0.00 70.5 

Y,z -0.05 82.4 -0.04 80.1 0.05 59.8 -0.00 57.3 

Yr3 -0.06 85.0 -0.05 83.1 0.03 61.0 -O.Ql 57.9 

Freq(lv> 8%) 53.5% 53.6% 88.6% 93.5% 

Gamma populations 

V(Yix) = 8x V(Yix)=3x 

n = 20 n = 40 n = 20 n = 40 

Estimator RB(%) MSE RB(%) MSE RB(%) MSE RB(%) MSE 

y 0.07 100.0 -0.01 100.0 0.02 100.0 -0.03 100.0 

f,l 0.08 84.1 0.02 84.3 0.06 69.8 -0.Q3 69.9 

Y,z 0.09 77.5 0.05 78.1 0.10 57.1 -0.02 56.9 

f,l -0.58 88.4 -0.30 86.7 -0.60 75.5 -0.36 72.8 

Y,z 0.03 85.8 0.03 80.9 0.12 63.5 -0.02 59.1 

f,3 -0.05 87.9 0.07 86.2 0.06 65.4 -0.04 60.8 

Freq(lv> 8%) 50.6% 50.3% 86.9% 91.7% 
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Table 2 
Selected characteristics of the empirical distributions of 

~(Yrl' Yr 2) for gamma populations (first empirical study) 

Gamma 
Mean 

Standard Me- Quantiles 
Populations deviation dian 10% 90% 

V(Yix)=8x, n=20 10.7 9.8 8.7 1.3 24.9 

V(Yix)=8x, n=40 9.2 6.3 8.3 2.5 19.1 

V(Yix)=3x, n=20 21.6 12.3 19.2 6.9 40.7 

V(Yix)=3x, n=40 19.0 9.5 18.9 9.4 34.2 

6.2 The Second Empirical Study 

In the second empirical study, we consider a finite 
population subdivided into eight strata each of size 100, 
according to an auxiliary variable x whose values are 
assumed known for each unit of the population. In order to 
simulate a stratification based on x, the values of x were 
assigned through the monotonic function of h and i 

h-1 

xhi = 4.95 + 5 L j + h · i, 
)=1 

where hi is the label of the unit i = 1, 2, ... , 100 within the 
stratum h = 1, 2, ... , 8. 

A finite population of y values, given x, was generated 
using the model 

2 
yhi = 20 + 2xhi + 0.06xhi + E hi. xhi, 

where E hi is a standard normal random variable. The 
realized values of the mean, standard deviation and 
asymmetry index of y are 618.2, 676.0, and 1.21, 
respectively. The correlation between y and xis 0.96. 

A proportional stratified random sampling without re
placement design was used to select 5,000 samples of size 
n = 40 (five units per stratum) and 2,500 samples of size 80 
(ten units per stratum). For each sample we computed the 
following quantities: 

- the unbiased estimator of the population mean Y, i.e., 

y; -
the ratio estimator Y, 11 , based on the model Em ( Yh) = 

~xhi and Vm (Yhi) = cr2xhi, and obtained from (5) and (6) 
putting xhi = xhi and ll_hi = xhi; 

- the optimal estimat_pr ?,21 , based on the same auxiliary 
variable used for Y, 11 ; , 

the GREG estimator Y, 12, based on the model 
Em(Yh) =a+ ~xhi and Vm(Yh) = cr2xhi' and obtained 
from (5) and (6) puttiqg x hi = (1, xhi)' and vhi = xhi; 

- the optimal estimat9r Y,22 based on the same auxiliary 
variables used for Y, 12 ; , 

the GREG estimator Y 13 , based on the model 
2 r 2 2 

Em(Yh) =a+ ~xhi + yxhi and Vm(Yh) = cr xhi (the true 
model), and obtained from (5) and (6) putting 
xhi = (l,xhi'x;y and vhi =x~; 
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- the optimal estimat9r Y,23 based on the same auxiliary 
variables used for Y,

13
; _ _ _ _ 

t~e lin,ear approximations Y, 12, Y, 13 , Yr22 , and Yr23 of 
Y, 12, Y, 13 , Y,*2, -"-and [,23 , respectively; 

- the statistics A ( Y,1k, Yrzk ), for k = 1, 2,_ 3; 
- the sample dependent estimato~s Y,

3
k (k = 1, ~. 3) 

d_efined to take the value 9f Yrlk when ~(Y,1k, 
Y,2k) :::; 8%, and the value of Yrzk otherwise. 

We do not consider separate regression estimation 
because sample sizes w}thin _strata are small- Th~ finite 
population is Sl!,Ch th<J;t A (Y,11 , Y,21 ) = 0.22, A (Y,12 , Y, 22 ) = 

0.16, and A(Y,13 , Y,23 ) = 0.00. l'{ote thl1t because of the 
sample de§ign considered we have ?,21 = Y,22 and therefore 
we omit Y,21 • 

Table 3 reports the empirical results achieved with 
reference to the percent relative bias of estimators (RB) and 
the Mean Squared Error (MSE), in the latter case having set 
that of the Horvitz-Thompson estimators equal to 100. The 
results are separated according to the sample size. 

Again, the biases are all negligible. The MSE reduction 
percentage that can be achieved with respect to the sample 
mean increases with the !,lUmber of auxiliary variables used. 
However, as expected 1?, 11 and Y, 12 are less efficient than 
the optimal estimator Y,22 _baseg on the sam~ auxiliary 
variables. The statistics ~(Y, 11 , Y,21 ) and 5:.(Y, 12 , Y,22 ) 

take values above the 8% threshold most of the time, 
especially when the, sample _size is 80. The sample 
depen}lent estill]ators Y,31 and ?,32 are both more efficient 
than Y, 11 and Y, 12• The resJilt is due t9 the inadequacy of 
the models upon which Y, 11 and Y, 12 are based for 
extractjng all information from ~he sample. On the other 
hand, ?, 13 is more efficient than ?,23 because)t 1_s bas~d on 
the true model. Most of the time the statistic A(Yrl3 , Y,23 ) 

is below the threshold, especially when tl}.e sample size is 
80, and the ~ample dependent estimator Y,33 is almost as 
efficient as ?, 13 . 

Looking at the linear approximations,_ first we qbserve 
that the MSE's of the G~EG estii1]ators Y, 12 and Yri 3 are 
almost equal to those of Y, 12 and ?, 13 in thi§ second stj.Idy. 
This is not true for the optimal estimators Y,22 and Yr 23 . 

The losses in ~fficiency with respect to their linear 
approximations Y, 22 and Y,23 are greater, but they diminish 
rapidly when the sample size increases. The MSE' s of the 
linear approximations confirm that given a certain amount 
of auxiliary information, a negligible gain in efficiency can 
be achieved through the Qptimal estimator, even with very 
large samples (compare Y, 13 with Y,23 ), when the model 
upon which the GREG is based holds true. Substantial 
gains in efficiency can be achieved if _the mode! is not 
adequate, such £1-S those gpon which Y, 11 and Y, 12 are 
based (compare Y, 12 with Yr 22 ). Table 4 reports the means, 
standard deviation§ and, some quantiles of the empirical 
distributions of ~(Y, 1 k, Y,2k), k = 1, 2, 3. 
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Table 3 
Empirical percent relative bias (RB) and Mean Squared Error (MSE) of estimators and percentage of samples for which 

~(Yrlk' Y,2k) > 8% in the second empirical study 

Auxiliary 
Estimator 

Sample size 40 Sample size 80 

used RB(%) MSE (A->8%) RB(%) MSE (A.> 8%) 

none y 0.01 100.0 0.01 100.0 

(x) Y, II -O.Gl 55.2 82.6% 0.00 54.3 85.0% 

(x) Yr31 -0.05 48.4 -0.02 43.8 

(1, x)' .Y, 12 -O.Gl 51.7 72.7% 0.00 50.8 83.2% 

(1, x)' Yr22 -0.05 47.4 -O.Gl 43.3 

(1, x)' Yr32 -0.05 48.3 -0.02 43.8 

(I,x)' .Y, 12 0.02 51.6 O.Gl 50.7 

(1, x)' Yr22 0.02 44.3 0.00 42.3 

(1, X, X 2)' Yrl3 -O.Ql 35.1 28.9% 0.02 33.5 10.5% 

(I,x,x 2)' Yr23 -0.10 38.0 -0.03 34.7 

(I,x,x 2)' Yr33 -0.04 37.0 -0.01 33.8 

(1, x, x 2)' Yrl3 0.01 34.9 0.03 33.5 

(1,x,x 2)' Yr23 0.01 34.7 0.03 33.2 

Table 4 
Selected characteristics of the empirical distributions of ~(Y, 1k, Y,2k), k = 1, 2, 3 (second empirical study) 

Sample size 40 Sample size 80 

Statistics Standard Quantiles Standard Quantiles 
Mean 

deviation 
Median 

10% 90% 
Mean 

deviation 
Median 

10% 90% 

~(Yrll' Yr21) 0.24 0.15 0.23 0.04 

~(Yrl2' Yr22) 0.19 0.14 0.17 0.02 

~ (Y, 13' Yr23) 0.06 0.08 0.03 0.00 

7. DISCUSSION 

The optimal estimator can be an efficient alternative to 
the generalized regression estimator based on misspecified 
superpopulation models when the sample size is large 
enough. This efficiepcy s:an be measured by means of the 
sample statistic, ~(Y,l' .f,2 ), Jhat captqres the asymptotic 
relative gain in efficiency of Y,1 over Y,l' given a certain 
amount of auxiliary information. The performance of the 
optimal estimator appears to be good, even in finite size 
sall}ple~. and its use profitable, provided that the value of 
A(Y,l' Y,2 ) is big enough to compensate for its greater 
instability. In fact, the empirical results confirm a greater 
instability in the optimal estimator, especially with 
asymmetric populations. Further empirical evidence is 
needed to evaluate its stability when the auxiliary variable 
is multivariate and to establish when a sample is large 
enough to overcome the problem. , , 

In order to use the information provided by ~(Y,l' Y,2 ) 

within the same survey, the distributional properties of this 
sample statistic and of the sample dependent regression 

0.45 

0.38 

0.18 

0.23 0.10 0.23 0.07 0.35 

0.18 0.09 0.17 0.04 0.30 

0.03 0.04 0.01 0.00 0.08 

estimator, which seems to perform well in the empirical 
study, have to be §tud~ed in more detail. In particular, the 
distribution of ~(Y,l' Y,2 ) when its true value is zero will 
be useful for ,choosing the threshold over which shifting 
from Y, 1 to Y,1 is truly profitable. Besides working with 
larger sample sizes, the instability problem of this statistic 
can be addressed by looking for more stable, consistent 
estiJDatqrs of the variances and covariances appearing in 
A(Y,l' Y,2 ). Furthermore, since in most practical situations 
there is more than one variable of interest, in order to apply 
the same weights to all variable, the optimal estimator 
should be chosen on the grounds of an averaged A-measure 
across the main survey variables, and such an average is 
more stable than single A-measures. 
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