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Some issues in the estimation of income dynamics 
Susana Rubin-Bleuer and Milorad Kovačević 1 

Abstract 
Two design-based estimators of gross flows and transition rates are considered. One makes use of the cross-sectional 
samples for the estimation of the income class boundaries at each time period and the longitudinal sample for the estimation 
of counts of units in the longitudinal population (longitudinal counts); this is the mixed estimator. The other one is entirely 
based on the longitudinal sample, both for the estimation of the class boundaries and the longitudinal counts; this is the 
longitudinal estimator. We compare the two estimators in the presence of large attrition rates, by means of a simulation. We 
find that under a less than perfect model of compensation for attrition, the mixed estimator is usually more sensitive to 
model bias than the longitudinal estimator. Furthermore, we find that for the mixed estimator, the magnitude of this bias 
overshadows the small gain in precision when compared to the longitudinal estimator. The results are illustrated with data 
from the Survey of Labour and Income Dynamics and the Longitudinal Administrative Database of Statistics Canada. 
 
Key Words: Attrition; Gross flows; Transition rates; Longitudinal weighting; Cross-sectional weighting; Bootstrap 

variance estimator. 
 
 

1. Introduction  
Gross flow are counts of transitions from one time point 

to the other between a number of states for individuals in a 
population. Related parameters are longitudinal proportions 
and transition rates. Longitudinal proportions are relative 
gross flows, while transition rates are relative gross flows 
conditional on the initial transition state. Estimates of these 
parameters for transitions between different income classes 
are required in studies of income dynamics and can be 
obtained from longitudinal surveys. The boundaries of the 
income classes often have to be estimated from the survey 
as well. An example is the low income measure defined as 
half of the median income, where income is adjusted for 
family size. Thus, in this case, estimators of counts of 
transitions to and from “low income state” require the 
estimation of the income medians at the time period of 
interest. 

The income class boundaries usually refer to the 
respective cross-sectional populations and have to be 
estimated from the cross-sectional samples to obtain 
unbiased estimators. If the change in population from one 
wave to the other (that is the number of “births” and 
“deaths”) is negligible, a longitudinal sample may represent 
the respective populations at both time points, and we may 
estimate the income class boundaries from the longitudinal 
sample. Otherwise, estimation of income class boundaries 
from the longitudinal sample may yield biased estimates. By 
“deaths” we mean real deaths and/or emigration; similarly, 
“births” means real births and/or immigration. 

Two design-based approaches are considered for 
estimation of longitudinal parameters involving two waves. 
One approach is based on the cross-sectional samples for the 
estimation of the class boundaries at each time period and 

on the longitudinal sample for the estimation of counts of 
units in the longitudinal population (longitudinal counts). 
This results in an estimator that we term the mixed 
estimator. The other approach uses an estimator based on 
the longitudinal sample for both the class boundaries and the 
longitudinal counts, and we call it the longitudinal estimator. 
The main objective of this study is to compare the two 
approaches in terms of their performance under different 
attrition adjustment models. 

In order to make the comparison we address two related 
issues: the impact of attrition on the considered estimators 
and the estimation of their variance. Attrition refers to the 
type of non-response that occurs from a certain wave on, 
until the end of the period of observation. The real issue 
with attrition is that non-respondents cumulate over time, 
and the longer the study lasts, the greater is the non-
response. In some surveys like SIPP (Survey of Income 
Program Participation), attrition reached 20% by the time of 
the third wave (Rizzo, Kalton, and Brick 1996). Even if 
extra care is taken in the development of adjustments to 
compensate for the missing data, the resulting estimators 
may still be sensitive to a less-than-perfect model of 
compensation. We investigate empirically the sensitivity to 
attrition of the estimators considered. 

Variance estimation is also an issue because the para-
meters of interest are non-linear functions of the observations 
and are dependent on the income class boundaries. The 
problem of variance estimation of low income proportions, 
and other measures of income inequality from complex 
cross-sectional samples was studied by Shao and Rao 
(1993), Binder and Kovačević (1995) and Kovačević and 
Yung (1997), among others. In the longitudinal situation, 
changes in the population over time imply the need to 
combine different samples and different systems of weights, 
which complicate variance estimation. The ultimate units    
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in a longitudinal sample may belong to different primary 
sampling units (PSU’s) at different waves, some PSU’s in 
the sample at once wave may not belong to the sample at 
another wave, etc. In this study, we develop an appropriate 
bootstrap variance estimator for estimators of income 
dynamics and for the complex design used in the example.  

The data used for illustration come from Statistics 
Canada’s Survey of Labour and Income Dynamics (SLID) 
and Longitudinal Administrative Database (LAD); both are 
sources with quite accurate longitudinal income data 
obtained from income tax returns. At the time of the study, 
SLID had response data from only two waves and the 
attrition rate was about 10%. 

Section 2 outlines the general assumptions for the 
population under study and for the design. In section 3 we 
deal with the issue of estimation of longitudinal low income 
proportion and the impact of attrition on it by means of a 
small simulation study performed on an artificial data set 
created assuming the log-normal distribution. Section 4 
deals with the bootstrap variance estimation for longitudinal 
complex surveys. A more extensive simulation of various 
attrition models, using different adjustment methods and 
data from a complex design, is described in section 5, and 
the results are presented and discussed in section 6.  

2. Longitudinal population, sample,  
       and weighting  

Let 0U  represent the population at time 0 and 1U  
represent the population at time 1. In this study we only 
consider parameters involving two periods of time, and 
therefore, the longitudinal population is defined in terms of 
two waves by ,LU  where 0 1.LU U U= ∩  

“Deaths” and “births” from one time period to the next 
cause a change in the population. If we denote by DU  the 
set of individuals who belong to the population 0U  at time 

0t =  and do not belong to the population 1U  at 1t =  due 
to “death”, and by BU  the set of “births” from time 0 to 1, 
then the longitudinal population can be expressed as 

0 1 .L D BU U U U U= =\ \  
Similarly, we denote by 0,s  a representative sample of 

0,U  by 1,s  a representative sample of 1U  and by ds  and bs  
the respective subsamples of individuals in 0s  who “died” 
between 0t =  and 1t = , and of individuals in 1s  “born” 
between 0t =  and 1.t =  Hence, the longitudinal sample, 
representing ,LU  is defined by 0 1 0L ds s s s s= ∩ = =\ 1 .bs s\  

Non-respondents to the initial wave at 0t =  exist but 
they are relatively few compared to non-respondents in later 
waves. For the sake of simplicity, assume that 0s  is the 
sample without the initial non-response and with the 
associated weights already adjusted for it. Attrition from 
wave 0 to wave 1 will be represented by a subset of 
individuals in 0s  denoted by .as  Hence, the longitudinal 
sample affected by attrition can be expressed by A

Ls =  
0 ( ).d as s s∪\  

Note that for some parameters of interest ds  should 
remain in the longitudinal sample for weighting purposes 

(Tambay, Şchiopu-Kratina, Mayda, Stukel and Nadon 
1997). The parameters considered in this paper refer to the 
longitudinal population ,LU  and therefore units that “die” 
from one wave to another are out of scope. 

Large scale surveys often employ stratified multistage 
designs with a large number of strata and relatively few 
clusters or primary sampling units (PSU) sampled within 
each stratum. The selected PSU’s are subsampled in one or 
more stages until the ultimate units are obtained. Here we 
assume that the number of strata and clusters within strata 
does not change from one wave to the other. 

We assume that the cross-sectional samples ts  consist of 
thn  sampled PSU’s with replacement within stratum h  and 
t
him  units sampled within the thi  PSU in stratum ,h  for 

0, 1, 1, ...,t h H= =  and 1, ..., .hi n=  Let { },t
hijw 1,j =  

2, ..., t
him  be the set of survey weights corresponding to the 

cross-sectional sample .ts  We assume that the survey 
weights provide approximately unbiased estimators of 
population totals so that ( ) ,

t

t t
p s hijE w N∑ ≈  where tN  is 

the size of ,tU  for 0,1.t =  Here pE  is the expectation with 
respect to the design ( ).p s  When the set as  of attritors is 
large, the original weights 0

hijw  have to be adjusted to 
account for the missing units and the adjusted weights 
should add up, in average, to the size LN  of the longitudinal 
population: 

0 \( )
.

d a

L
hijp m Ls s s

wE E N
∪

⎛ ⎞ ≈⎜ ⎟
⎝ ⎠
∑  

Here the expectation mE  is taken with respect to the model 
m  assumed for the probability of response.  
Examples: 
 

1. In the Survey of Labour and Income Dynamics 
(SLID), every wave has an added component that 
consists of “cohabitants”, i.e., individuals who live 
in the households of the longitudinal individuals 
(Lavallée and Hunter 1992). SLID has a stratified 
two-stage design with approximately 400H =  
strata at each wave. The number of clusters within 
stratum h  may change if there is growth in it. The 
number of sampled clusters is usually 2 or 3. When 
a new panel is selected or an old one is replaced 
from time 0t =  to time 1,t =  then the number of 
sample clusters per stratum may vary. 

2. The Longitudinal Administrative Database (LAD) 
of Statistics Canada is a longitudinal sample 
obtained from administrative data files and is a 
representative sample of the income-tax-filing 
population at any year. The LAD is a collection of 
many panels since a panel is “born” at each wave 
(year). Here non-response is approximately 5% of 
the cross-sectional sample every year. Longitudinal 
administrative samples, like LAD, do not have 
attrition, but are subject to wave non-response 
caused usually by late filing (Rubin-Bleuer 1996). 
The design for LAD is non-stratified and single 
stage. We use LAD as a base for a simulation of 
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attrition because its data are representative of the 
Canadian income population at every wave.  

3. Estimation under attrition  
Without loss of generality (wlog), in the following we 

define and explain the two estimation methods in terms of 
longitudinal low income proportions. In section 6 results on 
the impact of attrition are given for other two-wave 
parameters like gross-flows and transition rates. We also 
assume a negligible amount of “births” and “deaths” in the 
finite population, relative to the attrition rate. In fact, we 
assume that 0 1U U=  and that though the units are the same 
at both time points, the incomes attached to the units can 
vary. 

Let t
hijy  be the value of the characteristic of interest 

(family income adjusted for family size) for the thj  ultimate 
unit in the thi  PSU of stratum , 1, ..., , 1, ..., ,t t

hi hh j M i N= =  
1, ..., ,h H=  and 0,1.t =  Then the longitudinal proportion 

of individuals with income less than or equal to x  at 0t =  
and income less than or equal to y  at 1t =  is given by 

0 0

0 1

1 1 1

1( , ) ( ) ( )
h hiN MH

hij hij
h i jL

F x y I y x I y y
N = = =

= ≤ ≤∑∑∑  (3.1) 

where, since the two populations coincide, 0 1 ,hi hiM M=  and 
0

0

1 1

hNH

L hi
h i

N M
= =

= ∑∑  

coincides with the size of the original population 0.U I  is 
the indicator function of the incomes smaller than or equal 
to x  and y  respectively. ( , )F x y  is the bivariate 
distribution function of incomes at times 0 and 1. Let us 
now denote by 0 / 2,M  half the median income at time 

0,t =  and by 1 / 2M  half the median income at 1.t =  Then 
the longitudinal low income proportion is defined by 

0 1( / 2, / 2).F M Mθ =  (3.2) 

Under complete response, and 0 1,U U= θ  is the 
bivariate version of the cross-sectional low income 
proportion which was studied, among others, by Shao and 
Rao (1993). Under a framework for the development of 
asymptotic theory in the design space and under certain 
regularity conditions on the design and the income 
distributions, Shao and Rao proved that the estimator of the 
cross-sectional low income proportion ˆ ˆ( / 2)t tF M  is 
consistent (as the number of PSU’s, PSU,N  approaches 
infinity) for general stratified multistage designs where the 
PSU’s are selected with replacement. The framework 
assumes: (i) the existence of a sequence of finite populations 
with either increasing number PSUN  of PSU’s or increasing 
number of independent units if the population is not 
clustered, and (ii) the existence of a corresponding sequence 
of probability designs with first stage sample size PSUn  
increasing to infinity as PSU .N →∞  

This result is easily extended to the longitudinal situation 
for the estimator 

0 1
ˆ ˆ ˆ ˆ( /2, /2)F M Mθ =  (3.3) 

under the assumptions of no change in the population from 
0t =  and 1t =  and of no attrition. 

Let ˆ
tM  denote the estimator of the median income at 

time t  based on the cross-sectional sample ts  and 
corresponding cross-sectional weights { },t

hijw  for 0,t =  1 

ˆ ˆinf{ ( ) 1 / 2},t t
t hij t t hijM y s F y= ∈ ⎟ ≥  

where 

ˆ ( ) ( ) ,
t t

t t t
t hij hij hijs sF y w I y y w= ≤∑ ∑  

and let tM  denote the estimator of the median income at 
time t  based on the longitudinal sample Ls  and the 
longitudinal weights { }:L

hijw  

inf{ ( ) 1 / 2},t t
t hij L t hijM y s F y= ∈ ≥  

where 

( ) ( ) .
L L

L t L
t hij hij hijs sF y w I y y w= ≤∑ ∑  

Then, there are two possible ways to estimate the 
longitudinal parameter (3.2): 

mixed 0 1
0 1

0 1

ˆ ˆ( / 2, / 2)
ˆ ˆ( / 2) ( / 2) ,

L L

L L
hij hij hij hij

s s

F M M

w I y M I y M w

θ =

= ≤ ≤∑ ∑  (3.4) 

and 

long 0 1

0 1
0 1

ˆ ( / 2, / 2)

( / 2) ( / 2) .
L L

L L
hij hij hij hij

s s

F M M

w I y M I y M w

θ =

= ≤ ≤∑ ∑  (3.5) 

The first estimator is termed “mixed” because it 
combines longitudinal and cross-sectional samples. The 
second is only based on the longitudinal sample. Note that 
when there are no “births” or “deaths” from one wave to the 
next, the median at 1t =  can only be estimated from the 
longitudinal sample and thus we use 1M  in the definition of 
the mixed estimator. 

Under attrition, most of the missing data may correspond 
to individuals who are different from the rest of the 
population, and failure to account for this may result in 
biased estimates. Hence, weights are adjusted to compensate 
for the missing information according to a model. The 
estimates will become more sensitive to model mis-
specification as attrition increases. Thus, estimators that are 
robust to the choice of the model for non-response 
adjustments are desirable. 
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In order to compare estimators (3.4) and (3.5) regarding 
their robustness against incorrect non-response adjustments 
we made a simple simulation study to empirically estimate 
the expected (with respect to the design and the attrition 
model) values of mixedθ̂  and longθ̂  when the adjustment 
model was both the correct one and an incorrect one. 

As we already pointed out, if there is no change in the 
population from one wave to the next, and thus no new 
sample is selected in the second wave to represent the 
change, the estimation of the median in the second wave can 
only be based on the longitudinal sample. Thus the only 
difference between the two estimators lies in the estimation 
of the low income measure in the first wave. Hence, wlog, 
we consider for our simulation the parameter 

0( / 2, ).F Mθ = ∞  In that case, θ  coincides with the cross-
sectional low income proportion, and the estimator of θ  
under complete response, cross 0 0

ˆ ˆ ˆ( / 2),F Mθ =  is consistent 
(and thus asymptotically unbiased) as PSUN  tends to 
infinity. 

The simulation study, described in detail in Appendix A, 
consisted in simulating 1,000 samples of size 1,000 from a 
log-normal income population similar to the Canadian 
income population. We first selected a simple random 
sample without replacement (SRSWOR) from a large finite 
population of incomes and then we simulated attrition in 
that sample. Here we call a model missing at random 
(MAR) if the probability of non-response in the second 
wave is constant within response classes; and we call a 
model of attrition missing completely at random (MCAR) if 
the probability of non-response in the second wave is 
constant in the whole population. The attrition was 
simulated following a missing at random model where the 
non-response was induced in a low income class. The 
boundary of the low income class was the first quintile of 
the finite population, known a priori. For every sample,    
we calculated mixed long

ˆ ˆ,θ θ  and crossθ̂  with adjustments 
under both the correct (MAR) and a MCAR attrition model. 
The arithmetic mean of the estimates approximates the 
double expectation (with respect to the model and the 
design) of the first two estimators and approximates the 
expectation of crossθ̂  with respect to the design. This last 
expectation approximates, in turn, the parameter ,θ  since 

crossθ̂  is asymptotically unbiased as PSU .n →∞  When the 
weight adjustments are calculated under the MCAR 
(incorrect) attrition model, the following relationship is 
empirically found: 

mixed long
ˆ ˆ( ) ( ) ,p m p mE E E E⎟ θ − θ⎟ > ⎟ θ − θ⎟  

where m  refers to the simulated attrition model and p  
refers to the design under SRSWOR. Note that attrition 
from low income individuals will always bias upwards the 
estimator of the median and thus we will always obtain 

mixedθ̂ ≤ long
ˆ .θ  

The somewhat surprising result is that the estimator 
which utilises less information is, in average, nearer the true 
parameter, meaning that more information, if it is not used 

well, does not improve the estimator. Similarly, when +θ  is 
the proportion of incomes higher than the income category 
boundary estimated from the sample, and attrition is heavier 
in the lower income categories, we will always have the 
inequality 

+longθ̂ ≤ mixed
ˆ ,

+
θ  

and as with the low income proportion ,θ  the estimator of 
+θ  using less information is, in average, nearer the truth. 

The description of the simulation and the numerical results 
are in Appendix A. 

The question now is if the bias caused by model 
misspecification is larger than the increase in variance 
caused by the attrition. In sections 5 and 6 we tackle this 
issue by simulating attrition on data from SLID and LAD, 
calculating ˆ,θ  given by (3.3), mixedθ̂  and long

ˆ ,θ  and 
calculating the design variance of the estimators as well.  

4. Bootstrap variance estimation  
       for longitudinal samples  

In order to compare the two approaches to estimation we 
need to study them in terms of variance and bias under 
different attrition situations. The estimators mixedθ̂  and longθ̂  
defined in section 3 are nonlinear functions of the 
observations; in addition, the income data come from 
complex surveys. The variances of these estimators cannot 
be expressed in simple terms, and we have to rely on 
approximate variance estimation techniques. We seek a 
method that is easy to apply to many different complex 
parameters, and under different designs. We would like to 
evaluate the two estimation approaches for any parameter, 
using the same criteria and a consistent method of variance 
estimation. We concentrate on developing a bootstrap 
variance estimator that can be applied to a stratified 
multistage longitudinal design. It is important to emphasize 
that only the primary sampling units are resampled, not the 
units within them. 

Kovačević and Yung (1997) compared several 
resampling methods and the Taylor linearization method for 
variance estimation of cross-sectional estimators of income 
inequality under a complex survey design. They found, by 
means of a simulation study, that the best method (in terms 
of relative bias, coverage properties, stability, robustness 
against assumptions, etc.) is the Taylor linearization method 
via the estimating equation approach, and that the next best 
is the bootstrap method. 

In the calculation of the number of individuals in one 
income class at time 0 and another income class at time 1, 
the units in the longitudinal sample Ls  are involved, and the 
bootstrap sampling scheme must ensure the selection of 
units in .Ls  However, if we are confined only to the 
resampling of units in ,Ls  we would not allow enough 
variability for the consistent estimation of the variance of 
the cross-sectional quantile estimators 0M̂  and 1

ˆ .M  
Therefore, the bootstrap sample should contain as well 
elements from 0 1, Ls s s\  and 1 0s s\  at each iteration. 
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We assume a stratified two-stage design, and we assume 
that the primary sampling units (PSU’s) are exactly the 
same at both 0t =  and 1,t =  that is there are no “deaths” or 
“births” of PSU’s from one wave to the next. 

This is the case of the first and second waves of SLID. 
The “births” and cohabitants that appear in the second wave 
live in dwellings with individuals who were selected in the 
first wave. Every unit u  in 0s  or 1s  is assigned to a PSU 
that was selected in the first wave:  
if 0 1,u s s∈ ∩  then we assign u  to the PSU corresponding 
to its original dwelling at time 0;t =   
if 0 1\ ,u s s∈  then we assign u  to the PSU it belonged to at 

0;t =   
if 1 0\u s s∈  and u  lives with 0 1,v s s∈ ∩  then we assign u  
to the PSU of .v   

In this way we reduce the problem to a cross-sectional 
situation. Then we perform the following steps: 

Suppose that the original weights of an individual are 
0 1, , .L
hij hij hijw w w   

1. We select a simple random sample with 
replacement (SRSWR) of PSU’s of size 1,hn −  
independently in each stratum. A union of such 
samples is denoted by boot.s∗  It contains a subsample 

0boots∗  of units from 0s  that are not in 1,s  a 
subsample 1boots∗  of units from 1s  that are not in 0s  
and a subsample bootLs  of units are in both, 0s  and 

1.s  
2. Let him∗  be the number of times the thhi  PSU is 

selected; the bootstrap modifications of the weights 
are 

 
(0) 0 ;

1
h

hij hi hij
h

n
w m w

n
∗ ∗=

−
 

 
(1) 1 ;

1
h

hij hi hij
h

n
w m w

n
∗ ∗=

−
 

 
( ) .

1
L Lh

hij hi hij
h

n
w m w

n
∗ ∗=

−
 

 
The weights (1)

hijw  and ( )L
hijw  are obtained from the original 

weights by multiplying by an attrition adjustment factor. 
The adjustment factors are the inverses of the response 
probabilities (assumed different for each response class). 
These probabilities are estimated from the original data set. 
The process of estimation of the response probabilities and 
subsequent adjustment is imitated in the bootstrap 
resampling: for each bootstrap sample boots∗  the adjustments 
are recalculated, to produce new (1)

hijw  and ( ).L
hijw  

Then the estimate mixedθ̂  computed from a bootstrap 
sample boots∗  is 

boot boot

( ) 0 1 ( )
0 1

ˆ ˆ ˆ{ / 2} { / 2} ,
L L

L L
mb hij hij hij hij

s s

w I y M I y M w
∗ ∗

∗ ∗ ∗ ∗ ∗θ = ≤ ≤∑ ∑  

where 

boot boot
ˆ ˆ: inf{ ( ) 1 / 2}t t

t hij t L t hijM y s s F y∗ ∗ ∗ ∗= ∈ ∪ ⎟ ≥  

and 

boot boot

( ) ( )ˆ ( ): ( ) , 0, 1.
t L

t t t
t hij hij hij

s s

F y w I y y w t
∗ ∗

∗ ∗ ∗= ≤ =∑ ∑
∪

 

The estimate longθ̂  computed from bootLs∗  is 

boot boot

( ) 0 1 ( )
0 1

ˆ { / 2} { / 2} ,
L L

L L
lb hij hij hij hij

s s

w I y M I y M w
∗ ∗

∗ ∗ ∗ ∗ ∗θ = ≤ ≤∑ ∑  

where the medians tM∗  are estimated from the longitudinal 
sample boot.Ls∗   

3. Repeat steps 1 and 2 a large number of times, say 
.B  A Monte Carlo estimate of the variance is 

obtained as 

2
mixed mixed

1ˆ ˆ ˆ( ) ( )B mb
b

v
B

∗θ = θ − θ∑  

and 

2
long long

1ˆ ˆ ˆ( ) ( ) ,B lb
b

v
B

∗θ = θ − θ∑  

where 

mixed long
ˆ ˆ ˆ ˆand .mb lb

b b
B B∗ ∗θ = θ θ = θ∑ ∑  

By resampling the original PSU’s, we reduce the 
problem of variance estimation in a longitudinal survey to 
that of a cross-sectional framework. This is an extension of 
the bootstrap variance estimator developed by Rao and Wu 
(1988) and later Kovačević and Yung (1997) for variance 
estimation of cross-sectional income inequality measures 
from a stratified multistage sample survey. 

In order to accommodate attrition, we look at the original 
data set as a set of longitudinal records. Then, attrition can 
be viewed as item non-response and accordingly the weight 
adjustment for attrition can be considered as ratio 
imputation (Hajek-ratio). 

Indeed, recalling that 0 ,L as s s= ∪  let us denote by (1)
hijy ∗  

( )ahij s∈  the ratio-imputed value of wave one information, 
based on the observed data in the longitudinal sample; and 
let us denote by (0)

hijy ∗ ( )ahij s∈  the ratio-imputed value of 
wave zero information based on the longitudinal sample 
( ).Ls  Note that the values (0)

hijy ( )ahij s∈  are not missing, 
but we need (0)

hijy ∗  to represent the weight adjustment in the 
longitudinal sample. 
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The estimation of θ  with weight adjustments for attrition 
is equivalent to estimation on a “complete” imputed data set 
weighted by (0),hijw 0( ).hij s∈  The set 

(0) (1) (0) (1)
mixed {( , ), , ( , ), },hij hij L hij hij ay y hij s y y hij s∗= ∈ ∈D  

is used to calculate mixedθ̂  and the set 

(0) (1) (0) (1)
long {( , ), , ( , ), },hij hij L hij hij ay y hij s y y hij s∗ ∗= ∈ ∈D  

is used to calculate long
ˆ .θ  

We noted above that adjustment due to attrition is 
equivalent to ratio imputation for item non response. Hence 
the variance estimator proposed here has the same 
properties as the cross-sectional variance estimators for 
imputed survey data: consistency now follows from the 
consistency of the bootstrap variance for imputed survey 
data (Shao and Sitter 1996) and good coverage properties 
and small relative bias, as documented by Kovačević and 
Yung (1997). In the case of small number of PSU’s per 
stratum (SLID has two or three PSU’s per stratum) Kovar, 
Rao and Wu (1988) showed empirically that the bootstrap 
variance estimate overestimates the true variance by no 
more than 10%.  

5. Empirical study  
In order to compare the two approaches to estimation, we 

now consider two real longitudinal surveys, SLID and LAD, 
and simulate different attrition situations. The study begins 
with a sample of complete respondents in two waves. The 
response pattern of the individuals in this sample can be 
presented as  
RESPONDENTS 0t =  1t =  
Responded in both waves X X 

 
Here X means that the response is available for the 
individual at the corresponding wave, and 0 means the 
opposite. We omitted “births” and “deaths” from both SLID 
and LAD. 

The respondents in the first wave are divided into two 
response classes, low income class and else. The boundary 
is given by 0

ˆ / 2,M  where 0M̂  is the estimate of the median 
income at time 0,t =  based on all respondents in the first 
wave. The size of the SLID sample (Ontario) is 
approximately 10,000, from which 2,000 were low income 
individuals. 

We simulate three different attrition situations. In all of 
them we select a subsample of the complete respondents 
with patter XX and convert them into the following pattern   

RESPONDENTS 0t =  1t =  
Responded in the first wave 1, 
not in the second 

X 0 

 
1) 10% attrition. We select a subsample at random of 

individuals with low income 0
0

ˆ{ / 2}hijy M≤  at time 
0,t =  and make them non-respondents. In order to 

have 10% of the overall sample missing at time 
1,t =  we convert 50% of low income individuals 

into non-respondents in the second wave. 
2) 20% attrition. We select 70% of individuals from 

0
0

ˆ{ / 2}hijy M≤  and 7.5% from 0
0

ˆ{ / 2}hijy M>  at 
random and convert them into non-respondents at 
the second wave. This results in 20% overall 
attrition for SLID. 

3) 30% attrition. We select 80% of individuals from 
0

0
ˆ{ / 2}hijy M≤  and 17.5% from 0

0
ˆ{ / 2}hijy M>  at 

random and convert them into non-respondents at 
the second wave. This results into 30% attrition for 
SLID.  

We then consider two different adjustment models for 
each situation: 
 
Model 1: The non-respondents are missing completely at 

random (MCAR). This model is the worst 
possible model that we might use given that 
attrition is usually experienced by the group of 
low income individuals. 

 
Model 2: The non-respondents are missing at random from 

the low-income class. We allow for a small 
increase of the upper boundary for the low-income 
class, so that the response classes are defined as 

0
0 0

ˆ ˆ{ /2 /10}hijy M M≤ +  and 0
0 0

ˆ ˆ{ /2 /10}.hijy M M> +  
We assume that this model as one of the best 
possible models under our setup, since it 
recognizes the response classes as separated by 
low income boundaries.  

We chose these two models of adjustment because they 
represent the two extremes. In practice, we may only be able 
to choose a model between these two. 

Let tl  denote the low income measure defined as half the 
median: / 2, 0, 1.t tl M t= =  Several longitudinal para-
meters were studied. We define some of them in Table 5.1. 
The values of the estimates are presented in Tables B1 to 
B3. The standard errors were obtained using the bootstrap 
method described in section 4 assuming that the 
corresponding adjusted weights are known a priori and do 
not change for each bootstrap sample. 
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Table 5.1 
Some longitudinal parameters evaluated 

in the empirical study 
 

Proportions 
The proportion of individuals with 
income (adjusted family income) below 

tl  at 0,1.t =  

0 0 1 1( , )p y l y l≤ ≤  

The proportion of individuals with 
income below 0l  at 0t =  and above 

1 1(11 / 10)l l∗ =  at 1;t =  the factor 11/10 
is used to be able to detect true transitions 
from one state to the other. 

0 0 1 1( , )p y l y l∗≤ ≤  

The proportion of individuals with 
income above 0 0(11 / 10)l l∗ =  at 0t =  
and below 1l  at 1.t =  

0 0 1 1( , )p y l y l∗≥ ≤  

The proportion of individuals with 
income above 0l

∗  and 1l
∗  at times 0 and 1 

respectively. 

0 0 1 1( , )p y l y l∗ ∗≥ ≤  

Conditional Rates 
The probability of an individual having 
low income at the second wave (second 
year), given that he or she had low 
income in the first wave. 

1 1 0 0( )p y l y l≤ ≤  

The probability of not having low income 
at the second wave, given that the 
individual had low income at the first 
wave. 

1 1 0 0( )p y l y l∗> ≤  

 
6. Results and discussion  

The empirical study shows that attrition does affect 
estimates adversely, but different outcomes result depending 
on whether the parameter or interest is cross-sectional or 
longitudinal. In the estimation of later-wave cross-sectional 
parameters, estimators based on the actual longitudinal 
sample are more biased than estimators based on the cross-
sectional sample whether the model of adjustment is sound 
or not, (see for example the estimates of the median at 0t =  
in Tables B.1-B.3.) However, in the estimation of 
longitudinal parameters, longitudinal estimators (based 
entirely on the longitudinal sample) are less biased than 
mixed estimators (based on the three samples.) 

Tables 6.1a and 6.1b present gross flows estimated from 
SLID and LAD data, respectively. The estimates are 
calculated with the complete data set and after 20% non-
response is simulated in the second wave. For the complete 
data set the longitudinal and the mixed estimators coincide 
(this is the no-attrition situation). As explained in the 
previous section, 20% of non-response was simulated by 
eliminating 70% of the responses from individuals who 
were low-income and 7.5% of individuals with income 
higher than 0l  in the first wave. The adjustment for non-
response was done assuming that the individuals were 
missing completely at random. 

The applied adjustment model means that the original 
survey weights were adjusted with a factor of 1.25 

(representing 20% attrition) across the sample, whereas the 
correct adjustment should have been with a factor of 3.33 
(representing 70% attrition) in the domain of individuals 
who were low income in the first wave (1993), and with a 
factor of 1.08 (representing 7.5% attrition) in the domain of 
individuals who had an income higher than the LIM in 
1993. Thus, by adjusting with an incorrect model, we incur 
in a much greater error in the estimation of one domain 

0( /2)oy M≤  than in the estimation of the other 
0( /2).oy M>  

We see from these tables that both the mixed and 
longitudinal estimates seriously underestimate the parameter 
of interest in the first column and overestimate it in the 
second column, assuming that estimation based on the 
complete data set results in reasonable and acceptably good 
estimates. It is obvious that the mixed estimates are more 
affected by the wrong adjustment, verifying the inequality 
stated in section 3.  

Table 6.1 
Gross flows estimated from SLID and LAD 20% attrition 

(70% of the low income missing) 
 

a. SLID, Ontario 
1993 

1994    
 0 / 2oy M≤  0 / 2oy M>   

1 1 / 2y M≤  1,602,000  113,000 No attrition 
  425,000  152,000 Mixed 
  710,000  125,700 Longitudinal 

1 11.1 / 2y M>   70,000 8,080,000 No attrition 
  15,000 8,975,000 Mixed 
  30,000 8,870,000 Longitudinal 

 
b. LAD, Sub-Area from Toronto 

1991 
1992    

 0 / 2oy M≤  0 01.1 / 2y M>   

1 1 / 2y M≤  2,700  640 No attrition 
 1,100  800 Mixed 
 1,500  740 Longitudinal 

1 11.1 / 2y M>   580 10,420 No attrition 
  190 12,150 Mixed 
  380 11,650 Longitudinal  

Tables B.1 to B.3, given in Appendix B, show the results 
for SLID at three different attrition levels: 10%, 20% and 
30%. For each parameter the estimates and their 
corresponding bootstrap standard errors were calculated 
using both the longitudinal and mixed estimators. First, we 
calculated them for the ideal longitudinal “no attrition” 
sample, and then for the reduced sample adjusted under the 
two non-response models described in section 5. We 
provided the estimate of the model bias as the difference Δ̂  
between the estimate obtained under the model and the “no 
attrition” estimate. 

The numbers in Tables B.1 to B.3 repeat the same 
pattern that was shown for gross flows in Tables 6.1a and 
6.1b, i.e., the estimates obtained using the longitudinal 
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estimators are “less sensitive” to a choice of the non-
response adjustment model. At the same time, there is 
almost no difference between the corresponding standard 
errors (given in parentheses). Overall, we found that the 
estimates of the standard errors of mixedθ̂  are slightly 
smaller than for long

ˆ ,θ  and that this negligible difference in 
favour of mixedθ̂  is not enough to compensate for the larger 
bias  affecting  mixed

ˆ ,θ   induced  by the wrong adjustment 
for non-response. 

There is no difference between mixedθ̂  and longθ̂  when 
the second (best) adjustment for non-response is used. This 
is true for most parameters except for the conditional rates: 
for example, in Table B.1 (10% attrition) the empirical bias 
of the mixed estimate of the conditional rate of remaining 
low income in 1994 was found statistically significant, 
whereas the empirical biases of the longitudinal estimates of 
the two conditional rates were found non-significant (see 
Appendix C). Of course the “perfect” model for adjustment 
(not shown here) yields exactly the same numbers from 
the two estimation methods, and mixedθ̂  is approximately 
equal to longθ̂  for any parameter considered, but their 
variances differ. 

We introduce a single “sensitivity measure” that 
combines information on sampling standard error and model 
bias caused by the applied attrition adjustment model: 

A 2 2 A
A mixed 0 mixed
mixed 2

0

ˆ ˆ ˆ( ) ) s.e. ( )ˆ( ) 1 .ˆs.e. ( )
s

θ − θ + θ
θ = −

θ
 (6.1) 

Here, 0θ̂  and A
mixedθ̂  (A = MCAR or MAR) denote 

estimates obtained under “no attrition” and under an attrition 
adjustment model respectively, and s.e.(.) stands for the 
standard error due to sampling. Similarly, we define 

A
long

ˆ( ).s θ  If an attrition adjustment does not change by much 
the value of an estimator and its standard error (compared 
with the estimate obtained using another attrition 
adjustment), we say that the estimator is relatively 
insensitive to the applied attrition model. The ratios of the 
two sensitivity measures of the two applied adjustment 
models are defined by 

MCAR MAR
mixed mixed mixed

MCAR MAR
long long long

ˆ ˆratio ( ) / ( ) and
ˆ ˆratio ( ) / ( ).

s s

s s

= θ θ

= θ θ  (6.2)
 

Values of the ratio for different attrition scenarios are 
presented in Charts B.1-B.3 in Appendix B. 

From Charts B.1-B.3 it is evident that the ratio of the 
sensitivity measures (6.2) is systematically lower for the 
longitudinal estimator. This further means that the 
sensitivity measure of longitudinal estimator under applied 
adjustment models are more alike than those of the mixed 
estimator. The longitudinal estimator seems to be more 
insensitive on the applied adjustment models. We refer to 
this as “robustness”. Regarding the simulated attrition rates, 
the charts show that as the attrition rate increases the 
sensitivity measures ratio approaches 1. This means that 

both models of adjustment perform alike for higher attrition 
rates, and then the choice of the estimators becomes more 
important than the model used in the adjustments. 

We summarize our findings as following  
1) In the estimation of later wave cross-sectional 

parameters, estimators based on the actual longi-
tudinal sample are more biased than estimators 
based on the cross-sectional sample.  

2) In the estimation of longitudinal parameters, both 
the mixed and longitudinal estimators are consid-
erably biased if the wrong model of attrition 
adjustment is used.  

3) The longitudinal estimator is more robust against 
the inappropriate adjustment for attrition than the 
mixed estimator. Under the perfect adjustment 
model, these two estimators perform alike.  

4) In general, the sampling variance of the mixed 
estimator is smaller than the variance of the longi-
tudinal estimator. This relationship remains steady 
over different attrition rates and different adjustment 
models.  

5) For the mixed estimators, the magnitude of the bias 
coming from inappropriate non-response adjust-
ments overshadows the small gain in precision 
when compared to the longitudinal estimates.  

6) Different models of adjustment perform alike for 
higher attrition rates. In this case the choice of the 
estimator is more important than the efforts at 
model improvement.  
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Appendix A  

Description of simulation for section 3  
The simulation consisted of the following steps.  

1. Let X  be a log-normal random variable, 
~ exp{N( 10.3, 2 0.64)}.X μ = σ =  These para-

meters correspond to a median similar to that of the 
SLID estimate for 1992, and a spread similar to that 
of the Canadian population. The low income 
boundary was set to the first quintile of the income 
population. The first quintile 1q  was estimated from 
a simulated sample of size 50,000. The value 
obtained was 1 14,901.q =   

2. From the infinite population, 1,000 independent 
random samples of size 1,000 were selected.  

3. To simulate attrition, from each sample, 50% of the 
units with income below 1q  were selected at random 
and dropped from the sample for the calculations 
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pertinent to the second wave. Thus 10% attrition 
from the low income class was simulated (MAR 
model).  

4. For each sample ,i  the low income proportion 
estimators mixed

ˆ ( )iθ  and long
ˆ ( )iθ  were estimated 

with weights adjusted under both the correct 
attrition model (MAR) and under the incorrect 
assumption of units missing completely at random 
(MCAR).  

5. Also, for each sample ,i  we calculated the cross-
sectional estimator under complete response, 

cross
ˆ ( ),iθ  which is entirely based on the sample 
before attrition.  

6. For each type of adjustment, the expectation with 
respect to design and the attrition model of mixed

ˆ ,θ  
longθ̂  and crossθ̂  was estimated by their respective 

arithmetic means over 1,000 samples with the 
incorrect adjustment, and over 539 samples for the 
correct adjustment.  

Result of the simulation  
The next two tables show that under the incorrect 

specification, the longitudinal estimator has less bias than 
the mixed estimator, and under the correct specification for 
the adjustment, both estimators are unbiased (with respect to 
the model and the design). 

The arithmetic mean of crossθ̂  over the 1,000 different 
values was 0.193, and the standard deviation of the 1,000 
values was 0.012. This implies that for a SRSWOR sample 
of size 1,000, the estimate crossθ̂  is quite stable and its 
expectation can be used as surrogate for .θ  The expected 
values of mixedθ̂  and longθ̂  are estimated by 0.109 and 0.145, 
with standard deviations of 0.011 and 0.013 respectively.  

Expected values under mis-specification 
of the adjustment model 

 

Estimator Expected 
value 

Standard 
deviation 

Number of 
samples 

mixedθ̂  0.109 0.011 1,000 

longθ̂  0.145 0.013 1,000 

crossθ̂  0.193 0.012 1,000 

 
Expected Values Under the Correct Adjustment 

of the Attrition Model 
Estimator Expected 

value 
Standard 
deviation 

Number of 
samples 

mixedθ̂  0.193 0.016 539 

longθ̂  0.193 0.014 539 

crossθ̂  0.194 0.012 539  
We see from the table above that both estimators 

approximate the true value of the parameter if the 
adjustment model is correct.   

Appendix B  
Table B.1 

Estimates of different population characteristics and their standard  
errors obtained from the complete data set and under 10% attrition in the second wave 

 

     Attrition Adjustment Model 
Parameter Type of 

Estimator 
No Attrition  MCAR   MAR  

  θ̂  s.e. θ̂  s.e. Δ̂  θ̂  s.e. Δ̂  
   Quantiles      

0M (median, 0t = ) M 29,300 (1,000) 29,300 (1,000) 0 29,300 (1,100)       0 
L 29,300 (1,000) 30,900 (1,000) -1,600 29,300 (1,200)       0 

1M (median, 1t = ) M 28,600 (1,100) 30,400 (900) -1,800 28,600 (1,100)       0 
L 28,600 (1,000) 30,400 (1,000) -1,800 28,600 (1,200)       0 

   Proportions      

0 0 1 1( , )p y l y l≤ ≤  M 0.156 (0.010) 0.092 (0.008) 0.064 0.124 (0.009) 0.032 
L 0.156 (0.010) 0.111 (0.008) 0.045 0.124 (0.009) 0.032 

0 0 1 1( , )p y l y l∗≤ ≥  M 0.007 (0.002) 0.003 (0.001) 0.004 0.005 (0.002) 0.002 
L 0.007 (0.002) 0.004 (0.001) 0.003 0.005 (0.002) 0.002 

0 0 1 1( , )p y l y l∗≥ ≤  M 0.011 (0.002) 0.013 (0.003) -0.002 0.012 (0.002) 0.001 
L 0.011 (0.002) 0.011 (0.003) 0.000 0.012 (0.002) -0.001 

0 0 1 1( , )p y l y l∗ ∗≥ ≥  M 0.790 (0.040) 0.840 (0.040) -0.050 0.804 (0.042) -0.005 
L 0.790 (0.040) 0.831 (0.042) -0.041 0.804 (0.043) -0.005 

   Conditional Rates      

1 1 0 0( )p y l y l≤ ≤  M 0.923 (0.023) 0.546 (0.025) 0.377 0.734 (0.033) 0.189 
L 0.923 (0.023) 0.926 (0.030) -0.003 0.921 (0.031) 0.002 

1 1 0 0( )p y l y l∗> ≤  M 0.040 (0.010) 0.018 (0.006) 0.022 0.030 (0.009) 0.010 
L 0.040 (0.010) 0.036 (0.010) 0.004 0.038 (0.012) 0.002 

il
∗ =(11/10) ;i il l∗  is used to identify true transitions from one wave to the next. 

M denotes Mixed ˆ( )θ  and L denotes Longitudinal ( )θ  estimates. 
θ̂  is the estimate, s.e. denotes the standard error of the estimate, and Δ̂  is the difference between the corresponding estimates obtained using the 
attrition adjustment model and assuming no attrition. 
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Table B.2 
Estimates of different population characteristics and their standard  

errors obtained from the complete data set and under 20% attrition in the second wave 
 

     Attrition Adjustment Model 
Parameter Type of 

Estimator 
No Attrition  MCAR   MAR  

  θ̂  s.e. θ̂  s.e. Δ̂  θ̂  s.e. Δ̂  
   Quantiles      

0M (median, 0t = ) M 29,300 (1,000) 29,300 (1,000) 0 29,300 (1,000)       0 
L 29,300 (1,000) 31,800 (1,100) -2,500 29,300 (1,000)       0 

1M (median, 1t = ) M 28,600 (1,100) 31,100 (800) -2,500 28,600 (1,000)       0 
L 28,600 (1,000) 31,100 (900) -2,500 28,600 (1,000)       0 

   Proportions      

0 0 1 1( , )p y l y l≤ ≤  M 0.156 (0.010) 0.055 (0.008) 0.101 0.096 (0.012) 0.060 
L 0.156 (0.010) 0.080 (0.006) 0.076 0.096 (0.013) 0.060 

0 0 1 1( , )p y l y l∗≤ ≥  M 0.007 (0.002) 0.001 (0.001) 0.006 0.004 (0.002) 0.003 
L 0.007 (0.002) 0.003 (0.001) 0.004 0.004 (0.002) 0.003 

0 0 1 1( , )p y l y l∗≥ ≤  M 0.011 (0.002) 0.014 (0.003) -0.003 0.012 (0.002) -0.001 
L 0.011 (0.002) 0.012 (0.002) -0.002 0.012 (0.002) -0.001 

0 0 1 1( , )p y l y l∗ ∗≥ ≥  M 0.790 (0.040) 0.864 (0.041) -0.074 0.820 (0.049) -0.030 
L 0.790 (0.040) 0.855 (0.042) -0.065 0.820 (0.048) -0.030 

   Conditional Rates      

1 1 0 0( )p y l y l≤ ≤  M 0.923 (0.023) 0.323 (0.051) 0.600 0.570 (0.057) 0.353 
L 0.923 (0.023) 0.914 (0.040) -0.009 0.928 (0.058) -0.005 

1 1 0 0( )p y l y l∗> ≤  M 0.040 (0.010) 0.007 (0.005) 0.033 0.026 (0.010) 0.014 
L 0.040 (0.010) 0.030 (0.012) 0.010 0.042 (0.014) -0.002  

  
Table B.3 

Estimates of different population characteristics and their standard  
errors obtained from the complete data set and under 30% attrition in the second wave 

 

     Attrition Adjustment 
Parameter Type of 

Estimator 
No Attrition  MCAR   MAR  

  θ̂  s.e. θ̂  s.e. Δ̂  θ̂  s.e. Δ̂  
   Quantiles      

0M (median, 0t = ) M 29,300 (1,000) 29,300 (1,000) 0 29,300 (1,000)       0 
L 29,300 (1,000) 32,000 (900) -2,700 29,300 (1,000)       0 

1M (median, 1t = ) M 28,600 (1,100) 31,200 (800) -2,600 28,600 (1,000)       0 
L 28,600 (1,000) 31,300 (900) -2,700 28,600 (1,100)       0 

   Proportions      

0 0 1 1( , )p y l y l≤ ≤  M 0.156 (0.01) 0.04 (0.011) 0.116 0.080 (0.014) 0.076 
L 0.156 (0.01) 0.07 (0.006) 0.086 0.080 (0.016) 0.076 

0 0 1 1( , )p y l y l∗≤ ≥  M 0.007 (0.002) 0.001 (0.001) 0.006 0.004 (0.002) 0.003 
L 0.007 (0.002) 0.003 (0.001) 0.004 0.004 (0.002) 0.003 

0 0 1 1( , )p y l y l∗≥ ≤  M 0.011 (0.002) 0.015 (0.003) -0.005 0.013 (0.002) -0.002 
L 0.011 (0.002) 0.012 (0.003) -0.001 0.013 (0.002) -0.002 

0 0 1 1( , )p y l y l∗ ∗≥ ≥  M 0.790 (0.04) 0.874 (0.037) -0.084 0.829 (0.049) -0.039 
L 0.790 (0.04) 0.864 (0.038) -0.074 0.828 (0.051) -0.038 

   Conditional Rates      

1 1 0 0( )p y l y l≤ ≤  M 0.923 (0.023) 0.245 (0.045) 0.678 0.465 (0.071) 0.458 
L 0.923 (0.023) 0.885 (0.045) 0.038 0.930 (0.099) -0.007 

1 1 0 0( )p y l y l∗> ≤  M 0.040 (0.010) 0.008 (0.006) 0.032 0.022 (0.012) 0.018 
L 0.040 (0.010) 0.037 (0.016) 0.003 0.044 (0.017) -0.004 
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Charts B 

Sensitivity measures ratio of the mixed and longitudinal estimators 
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Appendix C  
We found the empirical bias of the mixed estimates 

(under a MAR adjustment model) of the conditional rate of 
remaining low income in 1994 given that the individual was 
low income in 1993, statistically significant when per-
forming a conservative test of the form 

0 mixed mixed 0
ˆ ˆ ˆ ˆ( ) var( ) var( ) .θ − θ θ + θ  

We found the empirical bias of the mixed estimates of 
the conditional rate of having an income higher than the 
LIM in 1994 given that the individual was low income in 
1993, (under a MAR adjustment model) non-significant 
when performing a “radical” test of the form 

0 mixed mixed
ˆ ˆ ˆ( ) s.e.( ).θ − θ θ  

Similarly, we found the empirical bias of the longitudinal 
estimates (under a MAR adjustment model) of both 
conditional rates, non-significant when performing the same 
type of “radical” test as above, i.e., when assuming that the 
estimate under to attrition is non-stochastic. 

These results hold for 10%, 20% and 30% attrition rates.  
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