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Abstract 
This paper describes recent developments in adaptive sampling strategies and introduces new variations on those strategies. 
Recent developments described included targeted random walk designs and adaptive web sampling. These designs are 
particularly suited for sampling in networks; for example, for finding a sample of people from a hidden human population 
by following social links from sample individuals to find additional members of the hidden population to add to the sample. 
Each of these designs can also be translated into spatial settings to produce flexible new spatial adaptive strategies for 
sampling unevenly distributed populations. Variations on these sampling strategies include versions in which the network or 
spatial links have unequal weights and are followed with unequal probabilities. 
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1. Introduction 
 
An adaptive sampling design is a procedure for selecting 

the sample in which the probabilities of selecting the set of 
sample units from the population depend on values of the 
variable of interest observed during the survey. In a spatial 
setting, adaptive sampling is exemplified by a survey in 
which, whenever a unit in the sample is observed to have an 
unusually high or otherwise interesting value of the variable 
of interest, nearby units may be added to the sample. In a 
network setting such as a socially networked human sub-
population, a link-tracing design may be used to adaptively 
follow social links from sample individuals to locate and 
add additional members of the subpopulation to the sample. 

In spatial settings the development of adaptive designs 
has been motivated by such problems as estimating the 
abundance of rare, clustered plant and animal species, as-
sessment of unevenly distributed environmental pollutants, 
and surveys of geographically clustered subpopulations of 
people. In network settings the development of adaptive 
network sampling designs has been motivated by problems 
in sampling people with rare diseases, sampling hidden 
populations such as those at high risk for HIV/AIDS or 
other epidemics, and sampling through computer and 
communications networks. 

Zacks (1969) and Basu (1969) recognized that in most 
cases the optimal sampling would in principle be an 
adaptive one. With a Bayes model for the population, at any 
step part way through a sampling procedure, one can do as 
well or better than a conventional design by selecting the 
remaining sample to give the lowest mean square error 
conditional on the observed sample values so far. The 
overall mean square error is the expected value of the 
conditional mean square error. The underlying mathematical 
principle is that the integral of the minimum of a set of 
functions is smaller, or nor larger than, the minimum of the 

integrals. Results on optimal adaptive adaptive strategies are 
described and extended in Thompson and Seber (1996) and 
exemplified in Chao and Thompson (2001). 

In spite of the early theoretical results and motivation 
from field surveys, the importance of adaptive designs was 
not widely recognized for several decades in either theory or 
practice. The practical importance of adaptive sampling 
strategies became evident as statistical thinking was brought 
to bear on problems in natural resource management and 
environmental protection. The development of adaptive 
link-tracing designs for reaching hidden human populations 
has attained strategic importance for such problems as 
understanding and alleviating the global HIV epidemic. In 
addition, new interest in adaptive sampling methods is being 
spurred by problems of expense and effort in social surveys 
of all types. 

Adaptive designs such as those described in this paper 
often serve as high yield designs in that sample values of 
variables of interest tend to be higher on average than 
population means of the same variables. Although this is 
often a desired characteristic itself in studies of rare popula-
tions, simple sample data summaries such as sample means 
and sample proportions are generally not good estimates of 
population means or proportions. Instead, effective design-
based and model-bases estimators of population quantities 
have been developed for use with adaptive designs. 

With design-based estimators, properties such as un-
biasedness or consistency depend solely on the way the 
sample is selected and not on assumptions about what the 
population may be like. Model-based estimators such as 
maximum likelihood or Bayes estimators on the other hand 
require use of a statistical model, usually involving un-
known parameter values, describing the population of in-
terest. Design-based estimators for adaptive designs are 
described in Thompson and Seber (1996), Thompson 
(2006a, b), and earlier papers. 
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Basic results for model-based approaches to inference 
with adaptive designs were given in Thompson and Seber 
(1996), which showed that likelihood-based methods such 
as maximum likelihood and Bayes inference would be more 
effective than other model based approaches (for example, 
the linear unbiased prediction approach) with adaptive 
designs. Maximum likelihood estimation and the likelihood 
based approach more generally with link-tracing designs 
were described in Thompson and Frank (2000). Bayes esti-
mation with link tracing designs was used in Chow and 
Thompson (2003). A method combining model and design 
based features was used in Felix-Medina and Thompson 
(2004). Bayes estimation using Markov chain Monte Carlo 
(MCMC) with adaptive web sampling designs is described 
in Kwanisai (2005, 2006). 

 
2. Adaptive sampling in network settings  

A population has network structure if there are links or 
relationships between any of the units in the population. 
Mathematically, such a population is described as a graph, 
consisting of a set of nodes and a set of edges or arcs 
between nodes. More generally, each relationship between a 
pair of nodes may have a weight denoting the strength of 
value associated with the relationship. 

Human populations have an inherent network structure 
arising from social relationships. As will be noted later, 
spatial relationships also give a network structure to many 
populations. Network populations also arise in computing 
networks, communications, gene regulation and metabolic 
networks. 

Network structure in populations is important for two 
reasons. First, the network relationships may be of interest 
in themselves to researchers. For example, with contagious 
disease epidemics it is important to know the nature and 
pattern of the social contacts through which the disease 
spreads. Second, the network structure can be used to help 
in obtaining a sample from a population that is otherwise 
difficult to sample. For example, in the study of hidden 
populations at risk for HIV/AIDS, including drug injectors, 
commercial sex workers, and others, often the only way in 
many cases to obtain a sample large enough for the study is 
to follow social links from initial sample individuals to find 
more members of the hidden population. 

Most network sampling designs which follow links are 
inherently adaptive in that the link values used in the 
selection are variables of interest that are generally not 
known prior to the survey. Further, in some studies it may 
be of interest to follow links with higher probability from 
sample individuals with high values of variables associated 
with behavioral risk. 

A class of designs called multiplicity sampling or simply 
network sampling was introduced my Birnbaum and Sirken 
(1965), along with design-unbiased estimators of population 
quantities. The approach was developed further by Sirken 
(1970, 1972a, b) and others and is described in Thompson 
(2002). In these designs the units on which observations are 
made are obtained by first selecting “selection units”, to 
which the observational units are linked. Motivation for 
these strategies came from problems in public health in 
which commonly used estimates were found to be biased 
because of the unequal numbers of such links. The simplest 
of the unbiased estimators in terms of computations was the 
“multiplicity estimator” which simply divided the observed 
value of a variable of interest measured on an observational 
unit by its “multiplicity”, the number of selection units to 
which it is linked. Horvitz-Thompson estimators for the 
strategy were also introduced. The following decades saw 
many variations on this strategy published in the statistics 
and substantive literatures. 

In snowball sampling an initial sample of nodes is 
selected by some design such as simple random sampling, 
and every link out is followed to add connected nodes to the 
sample. This process is continued for a specified number of 
steps, or “waves”. More generally, a subsample such as a 
fixed number of links are followed at each wave. Frank 
(1971, 1977a, b, 1978a, b, 1979) framed the problem as one 
of sampling in graphs worked out design-based estimators 
for many cases of snowball designs including designs with 
unequal initial selection probabilities and estimators for 
population quantities such as totals and means of variables 
associated with nodes or individuals, as well as of popula-
tion link quantities such as mean degree, where degree of a 
node is defined as the number of links out (or in) from that 
node. Frank and Snijders (1994) introduced a number of 
design-based and model-based estimators for one wave 
snowball designs motivated by the problem of estimating 
the number of injection drug users in a city. 

In a random walk design an initial node is selected at 
random. From the links out from that node one link is 
selected at random and followed to add the connected node 
to the sample. This process is continued for a specified 
number of waves, with one unit selected at each wave. If the 
sampling is with replacement the design is a Markov chain, 
with the state of the chain at each step being the identity of 
the node selected at that step. Properties of such designs, 
cast as Markov chains in graphs, such as the limiting or 
stationary probabilities were examined in the statistics and 
probability literatures (Lovász 1993). Random walk designs 
were introduced into the social network literature by 
Klovdahl (1989) with the motivation of reaching into a 
hidden human population farther away from the initial 
sample than possible with the same sample size using a 
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snowball design. In the computing science literature, Brin 
and Page (1998) used the concept of a stationary distribution 
of a random walk in a graph in developing a search engine 
and web page ranking algorithm, evoking the metaphor of a 
“random surfer” to describe the process of a random walk 
following hyper-links from web page to web page. 

Heckathorn (1997, 2002) and Salganik and Heckathorn 
(2004) described a sampling methodology referred to as 
“respondent driven sampling” in which members of a hid-
den population were motivated to recruit other members of 
the population into the sample using a system of coupons. A 
simple estimator of population totals and means, in which 
each observation is weighted by the reciprocal of that 
person’s degree, was used with these designs based on the 
limiting distribution of a with-replacement random walk in a 
network having symmetric links and a single connected 
component. The coupon-based methodologies developed 
with these designs have proven to be highly effective in 
recruiting samples of substantial size from hidden popula-
tions in a number of settings. 

The notational setup for sampling in networks follows. 
There is a population of units or nodes labeled 1, 2, ..., N  
with associated variables of interest 1 2, , ..., .Ny y y  Asso-
ciated with each pair of nodes ( , )i j  is a link-indicator or 
weight, so that the collection { ; , = 1, ..., }ijw i j N  are vari-
ables of interest associated with pairs of nodes. 

In the network context a sample s  is a subset (1)s  of 
nodes and a subset (2)s  of the pairs of nodes, that is, 

(1) (2)= ( , ).s s s  Thus the sample consists of a sample of 
nodes, on which node variables y  of interest are recorded, 
and a sample of pairs of nodes, for which the values of 
relationship variables w  are recorded. 

Figure 1 shows a network-structured population which 
will be used to illustrate some of the network sampling 
designs described in this paper. In terms of a human popula-
tion with social network structure, the red or dark colored 
nodes could represent individuals with high values of 
variables of interest, for example indicating a risk-related 
behavior such as injecting drug use. The light colored or 
yellow nodes would represent the individuals without the 
high-risk characteristic of interest. The links between indi-
viduals would represent social relationships such as having 
meals together, drug-using relationships, or sexual contacts. 

Figure 2 shows an initial simple random sample of five 
nodes selected from the network-structured population. A 
one-wave snowball sample selected by following every link 
out from the initial sample is shown in Figure 3, and a two-
wave snowball sample from the same initial sample is shown 
in Figure 4. Note that with a fixed number of waves, a 
snowball sample can grow very fast. 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1 A population with network structure 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2 A random sample of nodes 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3 One-wave snowball sample 
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Figure 4 Two-wave snowball sample  

With a snowball sampling designs and many other link-
tracing designs, sample data summaries such as a sample 
mean or sample proportions are not good estimators of the 
analogous population characteristics. The reason is that 
under the design different units have different probabilities 
of selection, dependent on the population link structure. 
Figure 5 shows the population with the size of each node 
proportional to the probability of selecting that node. Since 
high-risk individuals tend to have more links hence higher 
probabilities of inclusion in the sample, the sample mean 
would tend to overestimate the population mean. In the 
same way, the average degree of such a sample would tend 
to overestimate the mean degree of the population network. 

With the one-wave snowball design in a setting with 
symmetric links the inclusion probabilities for sample nodes 
can be easily calculated as proportional to the node degrees. 
With asymmetric links or with snowball designs of more 
than one wave it is not in general possible to calculate node 
inclusion probabilities from the sample data. Methods for 
calculating design-unbiased estimators of population node 
and link characteristics with such designs are described in 
the section on adaptive web sampling later in this paper. 

Figure 6 shows a snowball sample from this same 
network population starting with one randomly selected 
unit. Since the population consists of more than a single 
connected component a strict random walk design would be 
stuck in whatever component it started in. It is therefore 
desirable to provide in the design some small probability at 
each step of selecting the next unit by simple random 
sampling or some other conventional design, or at least 
allowing a random jump whenever a walk is found to be 
stuck in a component. 

Figure 7 shows the stationary selection probabilities for 
the random walk through the network shown. Although 
these probabilities in this population are not simply 
proportional to node degrees it can be seen that nodes with 

high degree do tend to have high selection probabilities. 
Also, since high risk individuals in this population tend to 
have high selection probability under this design, sample 
summaries such as sample mean and sample proportion are 
not unbiased estimators of population means and propor-
tions. For unbiased estimates the methods of later sections 
of this paper would have to be used. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5 One-wave snowball sample selection probabilities 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 6 A random walk sample from the same population 

 
 
 
 
 
 
 
 
 
 
 
 

 
 

Figure 7 Random walk limit selection probabilities 
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2.1 Targeted random walk designs  
One of the early motivations for using random walk 

designs with hidden populations was to penetrate deeper 
into the population, that is, farther from the initial sample 
and thereby obtain a more representative sample of the 
population. When the probabilities of selecting a given 
person by such a method are calculated either step by step or 
in their stationary limit, they are not in general equal but 
depend on the link and degree structure. With the moti-
vation first to find a method for selecting a sample through a 
network such that the stationary probabilities would be the 
same for each person or node, uniform and targeted random 
walk sampling designs were developed (Thompson 2006a). 
An additional motivation was to find a more flexible and 
adaptable way to sample through a network. 

Since a random walk with replacement through a graph 
or network is a Markov chain, ideas of Markov chain Monte 
Carlo can be applied to produce a different Markov chain 
having desired stationary probabilities. At each step of the 
sampling the state of the chain is the current node added to 
the sample. The stationary probabilities of the chain corre-
spond to the stationary selection probabilities for each 
person or node. With a targeted walk design the random 
walk design is tweaked at each step, based on out-degree of 
each node, to obtain a design with specified limiting 
selection probabilities. 

Suppose that at some step in the sampling person i  is the 
last person who has been added to the sample. Using a 
random walk procedure we randomly select one of the links 
out from that person, and that link leads to person ,j  who is 
now our tentative selection. A screening interview reveals 
that person j  has more links out than person ,i  so that the 
conditional probability of going from i  to j  as we just did 
is larger than the conditional probability in the reverse 
direction, since the transition probabilities are related to the 
reciprocal of the number of links out. Therefore we calculate 
a probability less than one and accept person j  into the 
sample only with that probability. If our tentative selection 
is not accepted we independently again choose a link out 
from person .i  The probability of acceptance of the candi-
date link is based on the Hastings (1970) generalization of 
the Metropolis algorithm. The acceptance probability 
depends on the desired target selection probabilities, the 
number of links out from the current node and the candidate 
node, and the probability of going in either direction with a 
random jump if that is part of the design (Thompson 2006a). 

Note that the method depends only on links out, which 
can usually be determined for sample members, whereas 
links in to sample individuals usually can not be determined. 
Therefore the method applies to directional as well as sym-
metric networks. 

A uniform walk design is the special case in which the 
targeted stationary selection probabilities are all equal. A 
targeted random walk design could be used for example to 
obtain a sample from a hidden population in which an 
individual with a certain high-risk behavior would have 
selection probability twice that of an individual without the 
behavioral characteristic. 

It is the sample of accepted people or nodes that has the 
desired stationary selection probabilities. If the tentative 
selections had been interviewed thoroughly also, not only 
the screening interview about out-degree, then in principle 
the estimates from the accepted sample could be improved 
using the Rao-Blackwell method (Casella and Robert 1996). 
That would involve calculation of the probabilities of 
getting the same data with different accept-reject results and 
in different orders of selection. With each of the different 
accept scenarios the estimate would be computed using the 
accepted set and each value weighted by the ordered 
selection and acceptance probabilities. In most cases there 
are too many combinations for exact calculation, and a more 
practical approach would be the Markov chain resampling 
method at the inference stage described in a later section of 
this paper. It is not clear that in practice it would be desir-
able to compute the improved estimators using the data 
since full interviews rather than screening interviews would 
be required for those not initially accepted, the computations 
for the improvement are potentially demanding, and the 
calculation depends on knowing the selection probabilities 
for the initial sample, which is not needed for the simple 
estimators. 

With a targeted walk design in which the target stationary 
selection probability i  of node i  is proportional to ,ic  an 
asymptotically consistent estimator, based on the limiting 
probabilities, is provided by the generalized ratio estimator  

/
ˆ =

1 /

i i
a

i
a

y c

c





s

s

 

where iy  is the value of the variable of interest for the thi  
node and as  is the sample of selected nodes. In this type of 
estimator the relative values of target probabilities need be 
specified since the proportionality constant cancels out. 

Note that a straight Horvitz-Thompson or Hansen-
Hurwitz estimator can not be used because the propor-
tionality constant in the inclusion probabilities is unknown, 
whereas in the generalized ratio estimator it cancels out. 
Again the limiting probabilities on which the estimator is 
based hold exactly for the with-replacement design. For the 
without-replacement variation, the properties of the targeted 
strategies were fairly closely approximated by the with-
replacement properties in the empirical comparisons 
(Thompson 2006a). 
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2.1.1 Designs using weighted links  
Many studies of socially networked populations concep-

tualize the network as having nodes (people) and lines or 
arrows representing the links or relationships between 
people. The network is characterized by an incidence matrix 
of 0s and 1s indicating when there is a link from node (row) 
i  to node (column) .j  In many real situations, however, 
more than one type of link may be of interest and links may 
have different weights representing differing strengths of a 
relationship. For example, in studies of risk behaviors and 
interventions in relation the the HIV epidemic, two types of 
links of high interest are sexual relationships and drug 
injecting relationships. Other social relationships, such as 
friendships and living arrangements, may also be of interest 
to investigators and may be useful in finding members of 
the population. These types of relationships may have 
weights corresponding to frequency of encounters, geo-
graphic proximity, or other measures of strength. 

In the basic form of weighted link designs we consider, 
in which one link from the most recently selected person is 
selected from the links out from that person, the selection is 
made with probability proportional to link weight. More 
generally, the selection could be made based on that weight 
but not necessarily proportional to it. However, we could 
then redefine the weight to be proportional to the probability 
we have under the design of following that weight, so that 
the following result would still apply. 

The following derivation shows that under suitable 
conditions the stationary selection probability for each 
person with such a design is proportional to the sum of the 
link weights out from that person. The result applies for a 
population in which it is possible to reach any one person 
from another following some path in which each link has 
weight greater than zero. That is, the population has a single 
component. 

For such a condition to hold it is advantageous to have at 
least some probability of following common but weak links. 
For example, a study of a sexually transmissible epidemic 
may want to focus with high probability on sexual links. But 
sexual links do not connect the population into a single 
component. Therefore, some smaller probability is allowed 
in the design for following friendship or geographic links, 
which represent weaker relationships between people and 
are of less inherent interest to investigators but serve to 
connect the population. Thus, the combination of different 
types of links in this situation turn the population into a 
single component for purposes of the design.  
2.1.2 Stationary distribution of weighted link 

Markov chain design  
In this section we derive the stationary distribution of a 

weighted link design in a single component situation. Keep 

in mind that we may create the single component property 
through innovative use of geographic links in combination 
with social links. 

Let ijw  be the weight of a link between node i  and node 
,j  and assume that these links are symmetric, so that 

= .ij jiw w  Consider a random walk design, with replace-
ment, in which the transition probability to node ,j  given 
the walk is at node ,i  is proportional to .ijw  That is, one 
link is selected out from node i  with probability propor-
tional to weight. The transition probability is thus =ijP  

/ .ij iw w   The sum = ji ijw w   is the total weight out from 
node ,i  generalizing the concept of degree with equally 
weighted nodes. 

Suppose the graph has only a single component, that is, 
any node in the graph can be reached from any other node 
by a path in which every link has positive weight. Then the 
stationary probability for node i  is proportional to .iw   

Suppose that the probability that the walk is at node i  at 
time t  is = / ,i iw w   for = 1, ..., ,i N  where =w  

,i j ijw   the total of all the weights. Then the probability 
that the process is at node i  at time 1t   is j j jiP   by 
the law of total probability. In terms of the link weights, this 
sum is ( / ) ( / ) = / .j jj ji j jiw w w w w w      Because of the 
symmetry of the weighted links, this becomes / ,iw w   so 
that if node i  has this probability at time t  it has the same 
probability at time 1,t   so that these are the stationary 
probabilities of the process. By induction, once the process 
reaches it’s stationary distribution it remains in it for every 
step thereafter. In practice, especially with small sample 
sizes or with different design variations, the stationary 
distribution serves as an approximation to the exact distri-
bution. 

If the weights are not symmetric, the selection probabili-
ties of the random walk design will still approach a station-
ary distribution provided there is only a single component 
or, if not, that the design incorporates random jumps. How-
ever, with the directional weighted links, the stationary 
distribution is no longer of the simple form that can be 
calculated from sample data.  
2.1.3 Different uses of weighted link designs  

Variations of weighted link designs could prove useful in 
situations of the following types. 

(1) Designs using general weights of links, on a con-
tinuous or discrete scale, representing strength or im-
portance of relationships and probability of following 
them. 

(2) Situations with two types of links, represented by 
two weights, such as social networks with strong and 
weak relationship links, or an HIV-at-risk study fo-
cusing on both sexual contacts and drug using rela-
tionships. 
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(3) Survey settings in which links represent the geo-
graphic or “random jump” part of the design, or the 
seed design. For example, all people within a given 
geographic stratum are linked by a geographic link, 
or all the people who visit any of the venues on an 
ethnographic map are thereby linked. 

(4) In a situation where a sampling frame exists but the 
frame covers only part of the population, all units 
within the frame can be considered to be connected 
by a “frame link”. Venue-based sampling typically 
forms one example of this type of situation. 

(5) Using a variation on the sampling design as a model 
for the way a virus or other infectious agent “sam-
ples” people in a population. A type of weighted link 
design could be developed as a model for the spread 
of an infectious disease, finding the different impor-
tance of different links. For influenza, the relative 
importance of air transported droplets (sneezing, 
coughing) versus indirect contact through solid 
objects (door knobs, money). For HIV, the relative 
importance of different types of sexual contacts and 
unsafe injections, whether for illegal drugs or un-
sanitary medical injections especially in third world 
countries. The disease transmission in a simulation 
has a slightly different protocol than the implemented 
designs, in that instead of thinking of one new link 
selected at each selection time step, there could be 
anywhere from zero to a high number of transmis-
sions in a time step.  

2.1.4 Properties of weighted link designs and 
associated population graphs  

Suppose the relationships in the population are assigned 
weights, with the weight ijw  denoting the strength of the 
relationships from node i  to node .j  And suppose we use a 
link tracing design of the walk type in which the transition 
probability is  

= ij
ij

i

w
P

w 

 

where =1= .N
ji ijw w   This is the conditional probability of 

selecting node j  as the next sample unit, given the most 
recently selected unit is node .i  The walk design is a 
Markov chain on a graph, in which the graph has weighted 
links. 

We will next consider the question in the other direction 
of when a Markov chain can be represented by a design of 
this sort on a graph with weighted links. Given a Markov 
chain specified by a matrix of transition probabilities ,ijP  
we can always represent it as a walk design of this type on a 
graph with weighted links so long as the links satisfy the 
first of the following properties: 

(1) = ,ij ij iw P w   where the row weight totals are arbi-
trarily chosen. 
Next consider imposing some property on the weight 
row totals to make them unique. For example: 

(2a) If the iw   weight row totals are chosen to be all equal 
to a constant such as one, then the link weights 
represent the conditional transition probabilities given 
the process is at the node at which they originate. 

(2b) If the iw   weight row totals are proportional to the 
stationary probabilities i  of the Markov chain for 
each node ,i  or equal to them, then the weights rep-
resent “flows” of the Markov chain, that is, the un-
conditional probabilities of transitions along the 
links:  

= .ij ij iw P   

In the practical situations for which we are trying to find 
appropriate models and designs, the weights may be at least 
partially given by the natural circumstances of the situation. 
For example the weight ijw  may represent the presence or 
absence of a link from person i  to person ,j  or the number 
of transactions of a certain type in a given time period from 
i  to .j  In that case, condition (2a) above would not in 
general be satisfied and condition (2b) would be satisfied 
only if all the weights were symmetric, that is, if =ij jiw w  
for all i  and .j  

In particular, if some or all of the weights are asym-
metric, with ,ij jiw w  then (2a) would not usually be 
satisfied and it would not be possible to arbitrarily choose 
weights to impose the condition because typically the sta-
tionary probabilities would not be known and could not be 
calculated from the sample data. However, although the row 
totals iw   could not be arbitrarily imposed, they can be 
known for units in the sample since they are simply the total 
weight out from each unit.  
2.2 Adaptive web sampling  

Targeted random walk designs provide considerable 
flexibility and control not offered by regular random walks. 
The use of weighted links with these designs extends that 
flexibility farther. This flexibility is still constrained, 
however, by the restriction that the selection of the next link 
to follow can depend only on the most recently selected 
node in the sample. The incentive for developing the next 
set of designs was to remove this restriction and greatly 
expand the scope for flexibility and control in the available 
strategies. 

In an adaptive web sampling design (Thompson 2006b) 
an initial sample of one or more unit/node is selected by 
simple random sampling or other conventional design. From 
then on, at each step in the sampling there is an active set 
consisting of the sample selected so far or some subset of it. 
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In the simplest case, one link is selected from the links out 
from this set. Sampling continues in this fashion until the 
desired sample size or some other stopping criteria has been 
satisfied. Some small probability is allowed, however, that 
the next node is selected at random, or by some other 
conventional design, from the entire population. The designs 
can be done with or without replacement. 

More generally a set of links can be selected at each step. 
Also the links at each step can be selected by a design more 
complicated than simple random sampling. The selection 
probabilities can be dependent on node or link characteris-
tics and can be varying over time. 

The basic idea of an adaptive web sampling design is 
shown in the next set of figures. In Figure 8, an initial 
sample of two nodes has been selected by random sampling 
without replacement. At the next step a link may be chosen 
out at random from either of the initial nodes to add a new 
node to the sample, as shown in Figure 9. The next node is 
selected by following one of the links out from the current 
sample. With a random walk a link would need to be 
followed from the last node selected, but with adaptive web 
sampling any eligible link out from the current sample 
(active set) may be followed. Note the next selection, shown 
in Figure 10, is not via a link from the most recently selected 
node, but from a previous one. As sampling progresses it is 
free to branch out flexibly in different directions as well as 
select new nodes at random from the population (Figure 11). 
The design can be stopped at a specified sample size or 
some other criteria. In the design shown in the figures, links 
out from the current sample were not selected completely at 
random but with higher probability given to following links 
from high-risk individuals, represented by dark or red 
nodes. Further, the design shown allowed a 0.1 probability 
of selecting the new node at random at any step instead of 
following a link. 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 8 The first two nodes selected at random 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 9 The next node is selected by following one of the links 

out from the current sample 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 10 Note the next selection is not via a link from the last-

selected node, but from a previous one 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 11 As sampling progresses it is free to branch out flexibly 

in different directions as well as select new nodes at 
random from the population  

2.2.1 Inference methods  
Design-unbiased and design-consistent estimation meth-

ods for use with adaptive web sampling designs are 
described in Thompson (2006b). Bayes model-based esti-
mation methods for use with adaptive web sampling are 
described in Kwanasai (2005). 

weighted links 

weighted links 

weighted links 

weighted links 
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The design-based estimators are constructed by starting 
with some relatively easy to compute estimator that depends 
on the order of selection of the sample. This initial estimator 
is then improved using the Rao-Blackwell method, that is by 
obtaining the expected value of the initial estimator condi-
tional on the minimal sufficient statistic.  
2.3 Estimator based on initial sample mean  

Suppose 0̂  is an unbiased estimator of the population 
mean that depends on the order in which the sample is 
selected. If the initial sample of nodes has been selected by 
simple random sampling, one example of an unbiased initial 
estimator that depends on order is the initial sample mean. 
The improved estimator has the form  

0 0
{ : ( ) = }

ˆ ˆ ˆ= E( | ) = ( ) ( | ).r r
r s

d p d  
s s

s s  

Here s  denotes the sample in order of selection, r  is the 
reduction function that reduces the ordered sample to ,s  the 
unordered sample of the minimal sufficient statistic. The 
reduced data rd  consists of the unordered sample together 
with the associated values of the variables of interest. The 
improved estimator ̂  is the expected value of the initial 
estimator over all !n  reorderings of the sample data. In 
calculating the expectation, each of the reorderings is 
weighted by the selection probability ( | ).rp s d  

Other initial estimators used with adaptive web sampling 
utilize the entire sample data but depend on order and are 
based on using the conditional probabilities of selecting 
each new unit in sequence given the previously selected 
units. Four types of design-based estimators for use with 
adaptive web sampling are given in Thompson (2006b). 

Computation of the improved estimator ̂  and its 
variance estimators under various adaptive web designs 
involves enumerating the reorderings of the sample 
selection sequence. For each reordering, the probability of 
that ordering under the design is computed, along with the 
values of the estimators and variance estimators. Direct 
calculation is fast and efficient up to sample sizes of ten or 
so, which involve no more than a few million permutations 
to be enumerated. For larger sample sizes, the numbers of 
permutations or combinations of potential selection se-
quences in the conditional sample space become prohibi-
tively large for the exact, enumerative calculation. For this 
reason, a Markov chain resampling approach was used in 
Thompson (2006b) for computing the improved estimators. 

The resampling procedure is as follows. The object is to 
obtain a Markov chain 0 1 2, , , ...x x x  having stationary 
distribution ( | ).rp x d  Here kx  denotes an entire reordering 
of the sample at step k  of the chain. Suppose that at step 

1k   the value is 1 = ,kx j  so that h  denotes the current 
permutation of the sample data in the chain. A tentative or 

candidate permutation kc  is produced by applying the 
original sampling design, with sample size ,n  to the data as 
if the sample comprised the whole population, that is, as if 

= .N n  This resampling distribution, denoted cp  differs 
from, but has some similarity to, the actual sampling design 

.p  The desired conditional distribution ( | )rp x d  is 
proportional to the unconditional distribution ( )p x  under 
the original design applied to the whole population. 

Let  

1

1

( ) ( )
= min , 1 .

( ) ( )
k c k

k c k

p c p x

p x p c




 
  

 
 

With probability , kt  is accepted and = ,k kx c  while with 
probability 1 , kc   is rejected and 1= .k kx x   

This procedure produces a Markov chain 0 1 2, , , ...x x x  
having the desired stationary distribution ( | ).rp x d  The 
chain is started with the original sample s  in the order 
actually selected. Given any value of the minimal sufficient 
statistic ,rd  the chain is thus started in its stationary 
distribution and so remains in its stationary distribution step 
by step. 

Suppose that rn  resampled permutations are selected by 
this process and let 0ˆ h  denote the value of the initial esti-
mator for the thh  permutation. An enumerative estimator of 
the form 0ˆ ˆ= E( | )rd   is replaced by the resampling 
estimator  

1

0
=0

1
ˆ= .

nr

h
hrn



   

Bayes model-based inference with adaptive web sam-
pling designs also requires the use of Markov chain Monte 
Carlo (MCMC) methods except in certain fairly simple 
design situations (Chow and Thompson 2003) where explic-
it Bayes posterior distribution, estimators, and intervals can 
be obtained. More generally the MCMC sequence involves 
at each step updating of model parameter estimates and, in a 
data augmentation procedure, obtaining a complete realiza-
tion of the population network and its values from the 
predictive posterior distribution conditional on the observed 
data (Kwanisai 2005, 2006). The resulting Markov chain 
sequence of complete population realizations provides the 
flexibility to make inference about many types of population 
characteristics.  
2.4 Modification of adaptive web sampling 

procedures  
Adaptive web sampling designs are a generalization of 

random walk designs. The more general designs do not have 
the exact stationary distribution properties of walk designs, 
since more than one link may be followed from any node, 
links may be followed from sample nodes other than the 
most recently selected one, and the sampling may be done 
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without replacement. However, the stationary distribution 
properties of a random walk or other Markov chain design 
may serve as a guide to approximate properties one might 
expect from a similar adaptive web sampling design. 

During the sampling, at the time of the tht  unit selection 
in the thk  wave, let aktw   be the total number of links out, 
or the total of the weight values, from the active set ka  to 
units not in the current sample .ckts  That is, =aktw   

{ , } .iji a j sk ckt
w   When w  is an indicator variable, aktw   is 

the total of the net out-degrees of the individual units in the 
active set ,ka  where net out-degree is the out-degree of a 
unit minus the number of its links to other units already in 
the current sample. 

For each unit i  in the sample, the variable of interest iy  
and the out-degree (or out-weight) iw   are recorded. In 
addition, for each pair of units ( , )i j  for which both i  and 
j  are in the sample, the values of the link variables ijw  and 

jiw  are observed. 
Consider as a candidate for the tht  selection in the thk  

wave a unit i  not in the current sample, so .ckti s  Sup-
pose the current active set ka  contains one or more units 
having links or positive weights out to unit ,i  and let 

=a i ijj ak k
w w  denote their total. The probability that unit 
i  is the next unit selected is  

1
= (1 )

( )

a ik
kti

a skt ckt

w
q b b

w N n
 


 

where b  is between 0 and 1. If there are no links at all out 
from the current active set, then  

1
= .

( )kti
ckt

q
N n

 

Thus, with probability b  link-tracing is done, and one of 
the links out from the current active set is selected at 
random, or with probability proportional to its weight, and 
the node to which it leads is added to the sample, while with 
probability 1 b  the new sample unit is selected com-
pletely at random from the units not already selected. How-
ever, if there are no links or positive weights out from the 
active set to any unsampled units, then the next unit is 
selected from the collection of unsampled units. 

Basic adaptive web sampling can be generalized to use 
weighted links. If the relationship variable w  consists of 
weights, instead of having just 0 or 1 values, then the link-
based selection can depend on these weights. For example, 
link weights can be defined in relation to the y  value of an 
originating node or as a distance measure to the connected 
node, so that links are followed with higher probability from 
nodes with higher values or with lower probability to distant 
nodes. Then a link from the active set can be selected with 
probability proportional to link weight, or with some other 
selection probability ( | , , , )ckt k a ak kp i s a y w  depending on 

variables of interest only through the active set. For 
example, a link out could be selected at random from the 
links with ijw  greater than some constant, or iy  greater than 
some constant. The selection probability when links are not 
followed does not have to be uniform over the units not in 
the current sample, but can be a more general design 

( | )cktp i s  such as selecting with probability related to an 
auxiliary variable or from a spatially defined distribution. 

With weighted links w  represents a possibly continuous 
link weight variable and the probability that unit i  is the 
next unit selected is  

ckt k cktk k
= p( | , , , ) (1 ) p ( | ).kti a aq b i s a y w b i s   

If there are no links or positive weights from ka  to ,i  then  

ckt= p( | ).ktiq i s  

Once unit i  has been selected, it is possible to add an 
accept/reject step for deciding whether to include it in the 
active set, for example, accepting with higher probability if 
unit i  has a high value or high degree. 

In the design the constant b  itself can also be replaced 
by a probability ( , , , , )k a ak kb k t a y w  depending on values 
related to nodes and links in the active set or changing as 
sample selection progresses. For example, if the values of 
the units in ka  are particularly high, we could increase the 
probability of following links. As for dependence of b  on 
( , ),k t  the use of an initial conventional sample of size 

0 > 1n  may be viewed as serving to obtain some informa-
tion from basic coverage of the population before adaptive 
sampling is allowed to commence. 

 
3. Spatial adaptive web sampling  

Adaptive sampling designs such as adaptive cluster 
sampling (Thompson 1990) were developed in response to 
the need for more effective strategies for sampling spatially 
uneven populations, particularly those having a rare, clus-
tered geographic distribution. Most populations having a 
network structure also have an inherent geographic or 
spatial structure. For example, human populations have 
social network structure but are also distributed in space. Of 
particular interest from the sampling design point of view, 
spatial structures can be characterized with graph or network 
structures. For example, neighborhood relationships based 
on geographic proximity can be recast in the form of lattice-
type graphs. In this way, network designs such as those 
described in the previous section can be applied to solve 
spatial sampling problems. 

In this section the use of adaptive web sampling designs 
to sample a spatially uneven population will be described. 
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These designs could be viewed as a generalization of 
adaptive cluster sampling. In this view, adaptive cluster 
sampling would be a special case in which every link is 
followed until there are no more links out from the current 
sample. The adaptive web sampling class of designs offers 
more flexibility and control, however, and is potentially 
more efficient to use for many spatial populations. 

With adaptive cluster sampling the constraint to continue 
to sample until all neighbors of all units satisfying the 
condition were included meant that overall sample size was 
not controlled in advance and was rather stringent when 
some networks were unusually large. Adaptive web sam-
pling in the spatial context solves this problem since sample 
size can be fixed in advance. In terms of its network 
recasting, the simple unbiased estimators of adaptive cluster 
sampling use data only from the strongly connected compo-
nents that the initial sample intersects. Rao-Blackwell 
improvements based on those estimators can use in addition 
data from the weakly connected extensions of those compo-
nents. The familiar edge units of spatial adaptive cluster 
sampling are a special case of such weakly connected 
extensions of strongly connected components. 

Figure 12 depicts a study region with a spatial clustered 
population as may be encountered in ecological, epi-
demiological, and social demographic surveys. In one form 
of adaptive spatial designs the neighborhood of a unit is 
defined as the set of immediately adjacent units, and neigh-
boring units are added to the sample when the value of a 
sample unit is high or meets some other criterion. In Figure 
13 the spatial population has been recast as a directed graph. 
The square spatial units are redrawn as nodes in a graph, 
and whenever the number of objects in a unit exceeds zero, 
arrows representing graph links are drawn from that node to 
neighboring nodes. Nodes representing units with nonzero 
values are colored dark (red). Figure 14 shows a random 
sample of nodes to be used as the initial sample of an 
adaptive web design. The adaptive web sampling continues 
until the targeted final sample size of 20 units is obtained in 
Figure 15. The sample is recast in the spatial setting in 
Figure 16. Unlike adaptive cluster sampling, it was not 
necessary to continue sampling until every unit in a sampled 
connected component is included. Further, the small 
probability of a random jump keeps the design from being 
stuck in any connected component. 

A glimpse of the immense flexibility offered with the 
adaptive web sampling designs in the spatial setting is 
shown in Figure 17. In the top row a spatial population is 
recast as a graph, though the directions of the links are not 
shown. The bottom row shows samples from two variations 
of adaptive web sampling. On the left, sixteen initial units 
have been selected independently at random. From each, an 
adaptive web sampling procedure is carried out to a sample 

size of five units. With this design, the sample is spread 
throughout the study region while also reaching into compo-
nents. In the design on the right a single initial unit is 
selected at random and adaptive web sampling continues to 
a total of 80 units. The 0.1 probability of selecting the next 
unit at random at any step prevents the design from being 
stuck in any one component. With this design the main 
components or aggregations get very thorough, though not 
exhaustive, coverage. 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 12 A spatially clustered population 

 
 
 
 
 
 
 
 
 
 
 
 
  
Figure 13 A network representation of relevant neighborhood 

relationships in the spatial population 
 
 
 
 
 
 
 
 
 
 

 

 

 

Figure 14 An initial random sample of spatial units 

sample 

population graph 

spatial population 
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Figure 15 Adaptive web sample of 20 units starting from the 

initial sample of the previous figure 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 16 Spatial representation of the adaptive web sample 

3.1 Spatial designs with weighted links  
For selecting spatial samples, link weights can be defined 

as a function of the distance between sites. For example, for 
increased sample the function would give larger weight to 
sites at close distance. On the other hand, for space filling 
purposes sites at larger distance could have larger weight. A 
network sampling design in such a setting, with link weights 
defined solely on the basis of distance, would not in general 
be adaptive. That is because the spatial frame would enable 
a link-tracing design to select the entire sample of sites 
before going in the field to make any observations. 

More generally though link weights can be defined as a 
function of both weights and observed values. For a unit in 
the sample having a high observed value of the variable of 
interest, the function could give higher weight at distances 
close to that site and smaller weight to distance sites. For a 
unit having a low value of the variable of interest the weight 
function could have a more uniform shape. 

Random walk designs in particular are straightforward to 
carry out in spatial settings with links weights dependent 
only on distance. That is because at any point in the sam-
pling the selection of the next site depends only on the most 
recently selected site, so that only one weight function needs 
to be considered. With more general designs such as 
adaptive web sampling the use of link weight functions 
dependent on both distance and value opens up very wide 
flexibility in the possibilities available for adaptive strategies. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
Figure 17 Adaptive web sampling design variations 
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4. Discussion  
Adaptive sampling designs expand considerably the 

possibilities for sampling strategies. They appear to be espe-
cially useful for populations which are otherwise difficult to 
sample. Network sampling designs are inherently adaptive 
in most cases and can provide more effective ways to sam-
ple populations with network or spatial structure. In this 
paper the emphasis has been on designs obtaining low mean 
square error or providing practical means of reaching a 
hidden population. In other cases the primary objective 
might be simply to obtain a higher yield sample, that is, a 
sample having a high total value of the variable of interest. 
For instance environmental hot spots is where remediation 
must be made, high risk components of a epidemic related 
network where treatment or intervention might have the 
greatest effect. The advantages of an adaptive approach are 
even more straightforward when the objective is high 
sample yield. 

Fully optimal sampling strategies are in most cases not 
practical to implement, because of computational complexi-
ty and model dependency. A more practical approach is to 
make improvements over conventional designs with simple 
adaptive procedures that capture much of the essence, and 
the choice of design often having much more effect that one 
inference method versus another. 

Simulation analyses with adaptive strategies of different 
types have tended to lend support to the idea that it is good 
to have a strong underlying conventional component. Many 
of the practical strategies have the form of an initial conven-
tional sample with adaptive sampling extending the sample 
from there through either network or spatial relationships 
and depending on observed values. Strategies with that type 
of balance between conventional and adaptive components 
have in simulations generally performed better than, say, 
selecting a single unit conventionally and adaptively adding 
the whole rest of the sample from there. In the simulations 
most efficient strategies tended to have an initial sampling 
making up about 60-80 percent of the total sample size. The 
modest amount of adaptive sampling after that then pro-
duced large gains in efficiency. This empirical experience 
goes along with the characteristic of optimal adaptive 
strategies, in which there seems to be a push and pull 
between spreading units far apart or filling in unobserved 
parts of the study region, corresponding to the conventional 
component of the simplified designs, and placing new units 
in the most promising areas, corresponding to the adaptive 
component in the simplified designs.  
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