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Pseudo-likelihood-based Bayesian information criterion for 
variable selection in survey data 

Chen Xu, Jiahua Chen and Harold Mantel1 

Abstract 

Regression models are routinely used in the analysis of survey data, where one common issue of interest is to 
identify influential factors that are associated with certain behavioral, social, or economic indices within a 
target population. When data are collected through complex surveys, the properties of classical variable 
selection approaches developed in i.i.d. non-survey settings need to be re-examined. In this paper, we derive a 
pseudo-likelihood-based BIC criterion for variable selection in the analysis of survey data and suggest a 
sample-based penalized likelihood approach for its implementation. The sampling weights are appropriately 
assigned to correct the biased selection result caused by the distortion between the sample and the target 
population. Under a joint randomization framework, we establish the consistency of the proposed selection 
procedure. The finite-sample performance of the approach is assessed through analysis and computer 
simulations based on data from the hypertension component of the 2009 Survey on Living with Chronic 
Diseases in Canada. 

 
Key Words: Variable selection; Sampling weights; Model-design-based inference; BIC; Penalized likelihood; 

Selection consistency. 

 
 

1  Introduction 

 

In many areas of scientific research, one common interest is to identify the influential factors 
associated with certain behavioral, social, or economic indices within a target population. For example, 
sociologists would like to identify important factors that affect the unemployment rate in a specific region, 
and epidemiologists are interested in finding risk behavior for diseases. In such studies, researchers often 
start with a survey of the target population (e.g., Rahiala and Teräsvirta 1993; Korn and Graubard 1999; 
Wolfson 2004). A representative sample is then selected and measurements of the variables of interest for 
the sampled units are collected. A regression model is routinely employed to summarize the information 
contained in the data. It explains variations in the response variable through a simple function of 
explanatory variables (covariates). When they lack prior knowledge, researchers may collect information 
on many potential explanatory variables. The goal of identifying influential factors can be achieved 
through a variable selection procedure. 

Variable selection is fundamental in statistical modeling. In non-survey settings, classical selection 
criteria have been developed to assess and select candidate variables. Examples include Mallow’s pC  

statistic (Mallows 1973), the (generalized) cross-validation (CV/GCV; Stone 1974; Craven and Wahba 
1979), the Akaike information criterion (AIC; Akaike 1973) and the Bayesian information criterion (BIC; 
Schwarz 1978). All these criteria are very useful and can provide meaningful inferences in practice. 

Despite the abundance of the literature on variable selection, it has received little attention in the 
context of survey sampling. When variable selection methods are applied to survey data, many potential 
complications arise. We focus on issues related to special features of surveys. First, data collected through 
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survey sampling are usually obtained from a finite population without replacement, and hence they have 
an intrinsic dependence structure. Second, in complex survey designs, the inclusion probabilities of 
sampling units often vary over the target population. Consequently, the correlation between the response 
and the covariates reflected in the sample can be distorted from the population. This is potentially the case 
when some parts of the population are sampled more intensively than the others. Ignoring survey designs 
in the selecting process may result in biased selection results for the target population. 

In the literature, sampling weights are often utilized in estimating parameters in regression models 
based on survey data. The weighted estimates of regression coefficients are helpful to avoid the biased 
inference from informative sampling (Pfeffermann 1993; Fuller 2009, Section 6.3; Skinner 2012). 
Although model estimation and selection serve for their own purposes, they often have coherent linkage in 
a modeling process. It is natural to conjecture that using sampling weights is beneficial for the variable 
selection. 

In this spirit, we investigate the use of pseudo-likelihood to take account of the sampling weights, and 
derive a pseudo-likelihood-based BIC criterion for variable selection of survey data. A penalized pseudo-
likelihood-based procedure (PPL) is further proposed for numerical implementation of the proposed 
criterion. Under a joint randomization framework, we prove that the new procedure consistently identifies 
the influential variables. The weighted selection method is assessed through simulation studies and using 
data from the 2009 Survey on Living with Chronic Diseases in Canada. 

The paper is organized as follows. In Section 2, we introduce the joint randomization mechanism and 
the super-population model. In Section 3, we derive the pseudo-likelihood-based BIC for the analysis of 
survey data and propose its implementation via the PPL procedure. In Section 4, we investigate the 
asymptotic behavior of the proposed BIC procedure. We use numerical studies in Section 5 to further 
assess the performance of our approach and provide concluding remarks in Section 6. We provide the 
proofs of theorems in a separate technical supplement: Xu and Chen (2012), where the derivation of 
proposed BIC can also be found. 

 

2  Joint inference and super-population 
 

The random behavior of an inference procedure is mostly inherited from the randomness in the data. In 
the context of surveys, the set of sampled units is random because of the probabilistic sampling design. At 
the same time, the value of each sampling unit may be regarded as a random outcome from some 
conceptual infinite super-population (Royall 1976). 

In a design-based analysis, the finite population is regarded as nonrandom and all measurements of 
sampling units are constants. The parameters of interest are finite population quantities such as the 
population total or the population median. The statistical inference is evaluated based on the randomness 
from the probability design. 

One may also regard the design-induced randomness as an artifact. The measurements of sampled units 
are independent realizations of a random variable from a probability model for the postulated super-
population. The parameters of interest are related to the assumed model and model-based inferences are 
evaluated solely based on the randomization introduced from the model. 

A third approach is called model-design-based inference; it incorporates the randomization from both 
design and model. In such a joint randomization mechanism, the finite population is regarded as a random 
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sample from a super-population. The survey sample is considered as a second-phase sampling from the 
super-population. The parameters of interest can be either model or finite-population parameters. In this 
mechanism, inferences on the finite-population parameters are motivated from the super-population 
model. Model-design-based inference can be more efficient than pure design-based approaches when the 
finite population is well described by the super-population model. Compared with pure model-based 
approaches, it protects against model violation and is therefore more robust in general (see, e.g., Binder 
and Roberts 2003; Kalton 1983). 

We study the variable selection problem under the joint randomization mechanism. Let 
 1, , N   be a finite population consisting of N  sampled units. The measurements on the thi  unit 

are denoted  , ,xi iy  where iy  is the response of interest and  1 , ,x
T

i i ipx x   is a p- dimensional 

explanatory vector (covariate vector). These are regarded as independent realizations of  , XY  from a 

super-population. We postulate a generalized linear model (GLM) on the super-population as follows. 
Conditioning on ,X  the distribution of Y  belongs to a natural exponential family, the density of which 

takes the form  

                                                              ; exp .f y c y y b     (2.1) 

  is known as the natural parameter of  ;f y   such that  b E Y X       and 

  2Varb Y X      , and  c y  is a non-negative base measure. The influence of the explanatory 

variable X  on Y  is expressed through   X Tg   for some assumed linkage function   ,g   where the 

vector  1 , , 
T

p   is the p- dimensional regression coefficient. If  g   is the canonical link, i.e., 

  ,g    then we have .X T  For simplicity, we focus on the canonical link in this paper. 

Based on this model, the effect of the explanatory variable is characterized through the size of the 
corresponding regression coefficient. In applications, a complex model with many variables often leads to 
over-fitting and a poor interpretive value. Hence, it is desirable to fit the data with a parsimonious model 
in which many regression coefficients are estimated to be zero. Explanatory variables with nonzero 
coefficients are then considered to be influential on the response. To this end, we assume that   is ideally 

sparse, and address the variable selection problem through identifying a sparse model formed by the 
covariates with nonzero coefficients. 

 
3  Pseudo-likelihood-based selection with BIC 
 

3.1  BIC in surveys 
 

With the model settings described in Section 2, it is clear that, if the measurement  , xi iy  is observed 

for every unit in population ,  the randomness in the data introduced by the probability sampling design 

is completely gone. In this situation, the selection of the influential variables is based on the entire 
population and the classical selection criteria developed in non-survey settings (purely model-based) 
remain valid for model-design-based inference. In particular, let  1, ,s p   be an arbitrary set of 



306 Xu, Chen and Mantel: Pseudo-likelihood-based Bayesian information criterion for variable selection 
 

 
Statistics Canada, Catalogue No. 12-001-X 

 s  covariates, which corresponds to a candidate model in form of (2.1). The “census-based” BIC 

(Schwarz 1978) selects the model (covariates) that minimizes  

                                                         BIC 2 log ,N N ss l s N  


  (3.1) 

where    
1
log ; x 

N

N i ii
l f y


   is the census log-likelihood function and  s


 is the maximizer of 

 Nl  based on .s  It can be seen that the BIC (3.1) is a decreasing function of the maximized log-

likelihood and an increasing function of the number of variables included in the model. Hence, a lower 
BIC implies either a simpler model (fewer explanatory variables), a better fit (higher maximized 
likelihood), or both. A model with balanced complexity and goodness of fit is preferred. 

We note that the census BIC (3.1) is conceptual, because observing  , xi iy  for all units in   is 

usually not feasible in applications. Instead, a representative sample    1 , , 1, ,nd i i N    with n  

units is often drawn from   and the measurements are observed based on the sampled units. Due to the 
intrinsic dependence structure among the sampled units, a full likelihood on d  is prohibitive to compute 

in general. Alternatively, for the model-design-based inference, a pseudo-log-likelihood function is 
frequently used, which takes the form  

                                                                 log ; n i i
i d

l w f y


   (3.2) 

with ( )iw k P i d   denoting the survey weight for the thi  unit. The scaling parameter k  in iw  does 

not have analytical impacts on the pseudo-likelihood-based inference. For the simplicity of presentation, 
we choose k n N  such that  1 nn l  is design-unbiased to  1 .NN l  Maximizing  nl  over   

leads to a maximum pseudo-likelihood estimator (MPLE) ̂  for ,  i.e.,  

 ˆ arg max .  nl
 

Under the appropriate sampling designs, ̂  is often 1 2n   consistent for   under the joint randomization 

framework. The idea of using pseudo-likelihood for inference on model parameters has been widely 
adopted in the literature (see, e.g., Binder 1983; Godambe and Thompson 1986; Molina and Skinner 
1992). 

In this paper, we aim to develop an analogue of BIC criterion based on the pseudo-likelihood. 
Following the super-population formulation described in Section 2, let  s  be the  s - dimensional 

coefficient of model s  and let s  be the prior density of . s  Then a pseudo-marginal density function of 

the data is given by  

     y y;  n n s s s sP s L d    

with     ; exp ; .y y n s n sL l  Consequently, we may regard the following expression as the pseudo-

posterior probability of the model :s  

                                                                 

   
,

y
y

y

n

n

n
s S

P s P s
P s

P s P s





 (3.3) 
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where S  denotes the collection of all candidate models. In the spirit of Bayesian analysis, the model with 

the highest  ynP s  is then considered to be the one that receives the most support from the data. Since 

   yns S
P s P s

  does not depend on any specific model, the highest  ynP s  is achieved by the 

model that maximizes the corresponding    ynP s P s . When the uniform prior  P s    is used and 

the weight scaling is chosen as ,k n N  we obtain a Laplace approximation under some regularity 

conditions (see Xu and Chen 2012):  

        ˆ2 log 2 log 1 .y n n s pP s l s n O      

Accordingly, we choose the model s  that minimizes  

                                                            ˆBIC 2 log .n n ss l s n     (3.4) 

Compared with the census BIC (3.1), the first term in BIC (3.4) is the maximum survey-weighted pseudo-
likelihood, which is potentially helpful to avoid sampling errors that might lead to biased inferences for 
the target population. We refer to (3.4) as a pseudo-likelihood-based version of BIC in the context of 
surveys. In the joint randomization framework, we establish the selection consistency of using BIC (3.4) 
through a PPL-based implementation procedure, as will be seen in Section 4. 

 

3.2  Implementing BIC via penalized pseudo-likelihood 
 

In applications, a straightforward way to implement BIC is best-subset selection, where BIC is 
evaluated and compared for each candidate model. However, this procedure can be computationally 
impractical when the number of covariates is large. Alternatively, penalized likelihood methods have 
recently been used as computationally efficient procedures for implementing a selection criterion. These 
methods exclude variables from the model by estimating their coefficients to be zero, and shrink the other 
coefficients accordingly. By varying the penalty on the likelihood, we can obtain a series of models with 
differing sparsity. To avoid an exhaustive search of the entire model space, the selection criterion is used 
to pick an optimal one among these sparse models. The effectiveness of this implementation strategy has 
been illustrated in the non-survey context for BIC (Wang, Li and Tsai 2007; Liu, Wang and Liang 2011) 
and GCV (Fan and Li 2001; Xie, Pan and Shen 2008) among others. 

Sharing the same spirit, we proposed a penalized pseudo-likelihood (PPL) procedure for the 
implementation of BIC (3.4) for survey data. Specifically, following pseudo-likelihood (3.2) with 

,k n N  we define the survey-weighted penalized estimator ̂   that maximizes the penalized pseudo-

likelihood function  

                                                               
1

, 
p

n n j
j

Q l n


      (3.5) 

where    is a penalty function indexed by a tuning parameter   controlling the size of the penalty. 

With an appropriate choice of   ˆ,   contains zero estimates for some coefficients and thus 

automatically produces a sparse model. The desirable sparsity of ̂   typically requires the singularity of 

the corresponding    at the origin. Some popular choices of    include the L  penalty (Frank and 
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Friedman 1993; Tibshirani 1996), i.e.,    
     with 0,1 ,   and the SCAD penalty (Fan and 

Li 2001), which is defined by the following derivative:  

                                               
   

1

a
I I

a


         


 
      


 (3.6) 

with a  3.7 being a common choice. 

With different values of   for a properly specified   ˆ,   leads to models of differing sparsity. 

These sparse models (with respect to  ) naturally form a collection of candidate models. BIC (3.4) can 

then be used to select an optimal model within this collection. To be more specific, let   be the range of 

  and let s  denote the model produced by ˆ .  We treat  :S s      as the collection of 

candidate models under consideration, and select the model *s S  such that  *BICn s   

 min BIC .s   We refer to this selection procedure as the penalized pseudo-likelihood-based BIC 

method (PPL-BIC). Compared with traditional best-subset selection, the PPL-BIC procedure focuses on 
the models that are produced by the survey-weighted penalized estimators, and therefore it can be much 
less computationally expensive. 
 

4  Consistency of PPL-BIC 
 

We now investigate the asymptotic behavior of the PPL-BIC procedure under the joint randomization 
framework. Suppose there is a sequence of finite populations, say r  with .r    Each r  is an 

independent and identically distributed (i.i.d.) sample of size rN  from a super-population modeled by 

(2.1) with random variable   1, , , .X pY X X   Within each ,r  a sample rd  of size rn  is drawn 

according to some sampling scheme. We assume that both rN  and rn  increase to infinity as ,r    

with the sampling fraction r rn N  bounded by some constant 1.C   For simplicity of notation, we will 

drop the index r  in the following discussion. 

Without loss of generality, we assume that the first q  coefficients are nonzero and denote the true 

value of   by  0 01 02,    with 02 0.   Also, we use 0s  to denote the true model  1, , q  to be 

identified. We establish the selection consistency of PPL-BIC in two steps. In the first step we show that, 
for appropriate choices of   ,  the PPL can consistently identify the true 0s  so that 0s S  with 

probability tending to 1. In the second step, we verify that BIC (3.4) consistently selects 0s  over .S  

For the asymptotic analysis, we define   0 0max  for j j s      and associate   with n  to 

make   a sequence. Under the joint randomization framework, we show the claim of step 1 as the 

following theorem.  
 

Theorem 1 Under regularity conditions on model (2.1) and other requirements specified in the online 

supplement, if 0  as ,n    then there exists a local maximizer  1 2
ˆ ˆ ˆ,      of the penalized 

pseudo-likelihood function (3.5) such that  

   1 2
0 2

ˆ ˆ  and   0 1  pO n P        
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with .  denoting the Euclidean norm.  

The consistency result in Theorem 1 holds for popular nonconvex penalty functions. For example, for 
the L  penalty with  0,1 ,  consistency holds if 0;  for the SCAD penalty, consistency holds if 

0  and .n    It also implies that with probability tending to 1, the true model 0s  is included 

in ,S  which serves as a prerequisite for the selection consistency of BIC over .S  

We now establish the consistency of using BIC on S  with a specified    that satisfies Theorem 1. 

Following the notation used in Section 3.2, let s  be the model corresponding to a PPL estimator ˆ ,  and 

let   be the range of   under consideration. We define two collections of candidate models as follows:   
 

 Over-fitted models:  0 0: , ;S s s s s s      

 Under-fitted models:  0: .S s s s     
 

Notation   denotes there is at least one different element between two sets, so that S  is the collection of 

candidate models which does not include all variables in the true model. Then,   can be partitioned 
accordingly into  

                                  0 0: ,   : ,   : .s S s S s s                 (4.1) 

By Theorem 1, we have shown that  0 1.P      Therefore, the selection consistency of BIC over 

S  is achieved if BIC is able to identify 0s  from any model s  with .      We use the 

following theorem to establish this consistency result. 

Theorem 2  Under the same conditions as in Theorem 1,  

    0min BIC BIC 0,n nP s s
  

 
 

where   and   are defined in (4.1).  

 

5  Numerical studies 
 

To evaluate the finite sample performance of PPL-BIC, extensive numerical studies have been 
conducted using data from the Survey on Living with Chronic Diseases in Canada (SLCDC; Statistics 
Canada 2009). In particular, we compare the proposed procedure with classic non-survey methods based 
on regression models postulated between SLCDC variables and hypothetical (simulated) responses. We 
tentatively reveal some insights for using pseudo-likelihood-based selection under two simulation 
scenarios. In the first scenario, populations are generated from presumed models and samples are obtained 
by designs that potentially create spurious correlations among SLCDC variables. In the second scenario, 
populations are not accurately generated from presumed models and samples are obtained by a design 
related to both response and candidate covariates. Also, we report the analysis of the original SLCDC 
2009 data as an example for using PPL-BIC in real applications. 
 

5.1  SLCDC data 
 

SLCDC is a cross-sectional study sponsored by the Public Health Agency of Canada that collects 
information related to the experiences of Canadians with chronic health conditions. One of the main 
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objectives of SLCDC is to identify health behavior that influences disease outcomes, so that the 
government can better plan and provide health services for people with chronic diseases. 

SLCDC takes place every two years, with two chronic diseases covered in each survey cycle. The 2009 
survey focused on arthritis and hypertension. We restrict our attention to hypertension. The target 
population for the hypertension survey is Canadians aged twenty years or older from the ten provinces 
who have been diagnosed with hypertension and who live in private dwellings. To facilitate the survey 
process, the sampling units of SLCDC 2009 are people with hypertension who completed the 2008 
Canadian community health survey (CCHS). For the purpose of SLCDC, the population is first stratified 
according to the CCHS respondents based on sex and four age groups: 20-44, 45-64, 65-75, and 75+. 
Therefore, the finite population formed by the CCHS respondents was divided into 8 categories, age (4 
levels) by sex (2 levels). A stratified sampling plan is used for SLCDC with proportional sample size 
allocation. An overall sample of 9,005 was selected from the 17,437 CCHS respondents, and 6,142 
respondents completed the SLCDC survey. 

We identified 40 variables relevant to hypertension based on the original SLCDC data, among which 7 
variables have complete information on all 6,142 respondents. The remaining 33 variables have some 
amount of missing values due to the non-responses in the original questionnaire (see Table 5.5 in 
Appendix for the list of variables and corresponding non-response rates). There was no obvious systematic 
reason for the item non-response. The variable with most severe missingness is INCDRPR (household 
income) with a 9.6% non-response rate, while the amount of missing data is relatively minor for the 
remaining variables. To facilitate the analysis, we used simple imputation methods for the missing data as 
follows. For a categorical variable, we imputed the non-response value by a random value from the 
response set; for a continuous variable, we imputed the non-response value by the mean value of the 
responses. Two exceptions for above imputation are variables BMHX_02 and CNHX_05. The former one 
acts as the response variable of the regression model in the later data analysis, while the later one has 
natural restrictions on the range of its value. Instead, we removed the 274 observations with missing 
values in these two variables, which results in the basic working data with 5,868 observations. The 
imputation/removal procedure does not have any effect on evaluating the BIC procedure based on 
simulated population. It could bias the analysis of the real data. Yet given the low rate of missingness, and 
plausibility of missing at random in the specific case, the conclusion is unlikely to be severely affected. 

Since the SLCDC is a follow-up to the CCHS, the sampling weights for SLCDC were initially 
obtained from the weights of the CCHS data. The weights were then adjusted to ensure that the SLCDC 
respondents represent the target population. Consequently, the adjusted weights show considerable 
variation between sampled units. After scaling by 310 ,k n N    the adjusted weights vary between 

0.01 to 33.62 with an inter-quartile range of 0.76. 
 

5.2  Scenario 1: Spurious correlation 
 

As mentioned, in complex survey designs, the correlation structure between variables reflected in the 
sample can be distorted from the population. In the first simulation scenario, we assess the purposed BIC 
method when data are collected through designs that potentially create spurious correlations between 
candidate covariates. Specifically, we treat the 40 identified variables as candidate covariates for some 
hypothetical response ,Y  and index them as 1X  to 40X  for simplicity. We consider both continuous and 

binary responses in our simulations. For the continuous cases, we generate the values of Y  according to   
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 Model 1 : 6 10 18 220.7 0.7 0.6 0.6 ,Y X X X X       

 Model 2 : 6 10 18 22 30 340.7 0.6 0.6 0.5 0.3 0.3 ,Y X X X X X X          
 

with  0,1 .N   For the binary cases where  0,1 ,Y   we generate the values of Y  according to the 

logistic models   
 

 Model 3 :    7 8 26logit Pr 1 0.7 0.6 0.5 ,XY X X X     

 Model 4 :    7 8 26 28 36logit Pr 1 0.8 0.7 0.6 0.5 0.4 .XY X X X X X       
 

The specified models include one of the strata identifiers in SLCDC (i.e., 6X  or 7X ) with a nested 

structure for each modeling context. 

The finite population used in the simulation was created as follows. The basic working data of 5,868 
respondents was duplicated 10 times proportional to the rounded integer values of SLCDC weights, which 
results in a pseudo-finite population of size 55,950 with complete information on 1 40, , .X X  The values 

of response Y  were then generated based on Models 1-4 respectively. We consider the variable selection 
problem to be the identification of the postulated model that generates the values of .Y  

We investigate the performance of proposed procedure under two stratified sampling plans. 
Specifically, we create 4 strata based on variables 6X  (age, 55-/55+) and 7X  (sex, Male/Female), which 

leads to the group (Female, 55-) of size 7,120, group (Female, 55+) of size 19,199, group (Male, 55-) of 
size 6,187, and group (Male, 55+) of size 23,458. In the first plan, a simple random sampling without 
replacement (SRSWOR) with equally allocated sample size is drawn from each stratum. The inference is 
made based on the four SRSWORs pooled together. In the second plan, we further construct three 
subgroups within each stratum based on the sum of two binary covariates of the postulated models. In 
particular, the subgroups are built according to 18 22X X  for data generated by Models 1-2, while the 

subgroups are similarly construct based on 8 26X X  for data from Models 3-4. We then make inference 

based on SRSWORs drawn from each sub-group of the four strata. The overall sample size is equally 
allocated at the stratum level with a 2:1:2 proportion for the three subgroups within a same stratum. A 
simple Monte Carlo computation reveals that the sample correlation between 18X  and 22X  (for data from 

Models 1-2) can be as high as 0.5, whereas their population-based correlation is merely around 0.02. 
Similar phenomenon is also observed between 8X  and 26X  (for data from Models 3-4). We therefore 

expect variable selection under the second sampling plan to be more challenging due to this systematic 
inflation. In the simulations, we set the overall sample size n  500 for Models 1-2 and n  1,500 for 

Models 3-4. A summary of influential variables to the response and the design variables affecting the 
sampling probabilities can be found in Appendix (Table A.2). 

The PPL-BIC selection procedure was carried out on probability samples obtained from the finite 
population. In particular, we scaled the survey weights as mentioned in (3.2) and chose the SCAD penalty 
for the penalized pseudo-likelihood function (3.5). The corresponding maximizer of (3.5) was solved by 
using the thresholding-based iterative algorithm (She 2011). For comparison purpose, the ideas of AIC 
and GCV are also used as alternatives for the proposed BIC (3.4). Based on the discussion in Section 3, 
we define the pseudo-likelihood-based AIC and GCV as  

     ˆAIC 2 2 ,n n ss l s     
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which are similarly implemented though the PPL-based procedure. Moreover, for each setup, we repeat 
the selection procedure with all survey weights ignored (being set as unity). The unweighted selection 
results are corresponding to pure model-based inferences as discussed in Section 2. In particular, the 
pseudo-likelihood-based BIC reduces to the classic BIC (3.1) used for non-survey situations. 

In Tables 5.1-5.2, we summarize the simulation results based on 1,000 repetitions in terms of the 
positive selection rate (PSR), false discovery rate (FDR), correct selection rate (CSR), and averaged model 
size (AMS). Specifically, let 0s  be the true model that generates the finite population and js  be the 

selected model based on the thj  sample, 1, ,j   1,000. The PSR, FDR, CSR and AMS are estimated 

as  
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where  s  denotes the size of model s  and  I   is the indicator function. In addition, we assess the 

predictive accuracy of the selected model as follows. For each setup, a test sample of size 200 is generated 
by SRSWOR from the same finite population as that for the training sample. For Models 1-2, we use the 
averaged residual sum of squares (RSS) on the test data as a measurement of the predictive ability of the 
selected model. For Models 3-4, we compute both positive and negative prediction rates. To be specific, 
let *  be a specified benchmark and ˆ i  be the estimated success probability of the thi  test sample, 

1, , 200.i    We then predict the thi  response iy  by 1ˆ iy   if *ˆ i    and 0ˆ iy   otherwise. The 

correct prediction rates are estimated by  
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The final PPR and NPR are averaged based on 1,000 replications. Note that PPR and NPR here are similar 
to sensitivity and specificity in the clinical studies, which indicate the ability of a 0-1 prediction approach 
in terms of correct positive and negative predictions. In general, a larger *  leads to high NPR but low 
PPR. The value of *  should be cautiously specified in applications. In our simulation studies, we fix 

*  0.5 for simplicity. 

The results are encouraging for the proposed BIC method. From Tables 5.1-5.2, we observe that 
models selected by AIC have both high PSR and FDR, which indicates an excessive inclusion of the 
irrelevant variables. In comparison, the BIC significantly reduces the FDR of selected models with a slight 
sacrifice on PSR, and selects the model with sizes closer to the truth. Although the GCV behaves similarly 
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to BIC in the linear model settings, it concurs with AIC for the logistic models where less information is 
provided from the binary responses. 

In the first sampling plan, the inclusion probabilities are related to Y  only through a single covariate in 
the model (i.e., 6X  or 7X ). The sample correlation structure between the response and covariates is 

largely maintained from the finite population. Consequently, no substantial difference is observed between 
the weighted and unweighted selection procedures from Table 5.1. 

The insights of using sampling weights in variable selection are tentatively revealed from the second 
sampling plan, where the sample correlation structure is systemically distorted. Clearly, the spurious 
correlation between covariates in the sampled units deteriorates the efficiency of selection methods. This 
is reflected from the depressed PSRs and the inflated FDRs from the unweighted procedures. 
Incorporating sampling weights in the selecting process is helpful to correct the biased result. In particular, 
noticeable improvements have been observed for the BIC-based selection. In the most impressive case 
(i.e., Model 3 of Table 5.2), the pseudo-likelihood-based BIC substantially improves the classic BIC by 
increasing the PSR from 0.65 up to 0.89, while reduces the corresponding FDR from 0.62 down to 0.50. 
Our observation echoes the rationale of weighting as the removal of bias due to the informative sampling 
(Section 6.3, Fuller 2009). 

 

Table 5.1 
Selection for the design not generating strong spurious correlations (1st plan). Results are 
summarized in terms of positive selection rate (PSR), false discovery rate (FDR), correct selection 
rate (CSR) and averaged model size (AMS); Prediction assessments for Models 1-2 are based on the 
testing residual sum of squares (RSS), while for Models 3-4 they are based on positive/negative 
prediction rate (PPR, NPR) with a benchmark 0.5. 
 

Weights  Criterion  PSR FDR CSR AMS  Prediction 
Model 1

Ignored  GCV  0.96 0.19 0.28 4.9  1.04 
 AIC  0.99 0.48 0.05 8.7  1.08 
 BIC  0.96 0.19 0.28 4.9  1.04 

Included  GCV  0.95 0.24 0.19 5.2  1.05 
 AIC  0.99 0.61 0.01 11.4  1.11 
 BIC  0.95 0.24 0.20 5.3  1.05 

Model 2
Ignored  GCV  0.72 0.19 0.02 5.5  1.07 

 AIC  0.89 0.44 0.01 10.3  1.09 
 BIC  0.73 0.19 0.03 5.6  1.07 

Included  GCV  0.74 0.24 0.02 6.1  1.08 
 AIC  0.89 0.54 0.01 12.5  1.12 
 BIC  0.74 0.24 0.03 6.1  1.08 

Model 3
Ignored  GCV  0.99 0.59 0.00 7.8  (0.71, 0.45)

 AIC  0.99 0.62 0.00 8.4  (0.69, 0.49)
 BIC  0.96 0.43 0.00 5.1  (0.72, 0.44)

Included  GCV  0.99 0.67 0.00 9.9  (0.71, 0.47)
 AIC  0.99 0.70 0.00 10.7  (0.68, 0.48)
 BIC  0.94 0.45 0.00 5.3  (0.71, 0.45)

Model 4
Ignored  GCV  0.97 0.44 0.01 9.4  (0.66, 0.55)

 AIC  0.98 0.47 0.01 9.8  (0.65, 0.56)
 BIC  0.87 0.26 0.07 6.0  (0.69, 0.53)

Included  GCV  0.98 0.54 0.01 11.4  (0.66, 0.54)
 AIC  0.98 0.56 0.00 11.9  (0.66, 0.55)
 BIC  0.86 0.30 0.05 6.2  (0.68, 0.53) 
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Table 5.2 
Selection for the design generating strong spurious correlations (2nd plan). Results are summarized 
in terms of positive selection rate (PSR), false discovery rate (FDR), correct selection rate (CSR) and 
averaged model size (AMS); Prediction assessments for Models 1-2 are based on the testing residual 
sum of squares (RSS), while for Models 3-4 they are based on positive/negative prediction rate 
(PPR, NPR) with a benchmark 0.5. 
 

Weights  Criterion  PSR FDR CSR AMS  Prediction 
Model 1

Ignored  GCV  0.83 0.23 0.17 4.6  1.09 
 AIC  0.97 0.49 0.04 8.6  1.10 
 BIC  0.83 0.23 0.17 4.6  1.09 

Included  GCV  0.95 0.31 0.13 5.9  1.07 
 AIC  0.99 0.65 0.00 12.5  1.12 
 BIC  0.95 0.30 0.14 5.9  1.07 

Model 2
Ignored  GCV  0.62 0.22 0.02 5.0  1.13 

 AIC  0.88 0.45 0.01 10.3  1.14 
 BIC  0.62 0.22 0.02 5.1  1.12 

Included  GCV  0.72 0.28 0.01 6.5  1.10 
 AIC  0.89 0.59 0.00 13.7  1.12 
 BIC  0.72 0.27 0.01 6.5  1.10 

Model 3
Ignored  GCV  0.87 0.62 0.00 7.3  (0.66, 0.44) 

 AIC  0.88 0.63 0.00 7.6  (0.65, 0.45) 
 BIC  0.65 0.62 0.00 4.5  (0.68, 0.42) 

Included  GCV  0.97 0.74 0.00 11.9  (0.70, 0.46) 
 AIC  0.97 0.75 0.00 12.4  (0.68, 0.46) 
 BIC  0.89 0.50 0.00 5.6  (0.70, 0.44) 

Model 4
Ignored  GCV  0.94 0.48 0.00 9.5  (0.62, 0.51) 

 AIC  0.95 0.50 0.00 10.0  (0.62, 0.52) 
 BIC  0.72 0.41 0.00 6.1  (0.64, 0.49) 

Included  GCV  0.93 0.61 0.00 12.5  (0.64, 0.53) 
 AIC  0.94 0.62 0.00 12.9  (0.64, 0.53) 
 BIC  0.82 0.34 0.01 6.4  (0.67, 0.54) 

 

5.3  Scenario 2: Model mis-specification 
 

A well-known rationale for using sampling weights is that it provides protection against model mis-
specification (Pfeffermann and Holmes 1985; Kott 1991): the inferences based on weighted estimates may 
remain valid for the surveyed population, even when the model fails. To gain further insights of weighting 
in variable selection, we further compare the proposed BIC with the classic unweighted methods in the 
simulation where the presumed model is misspecified from the model that generates the data. In such 
situations, a postulated “true” model does not exist, and the goal of variable selection is to find an optimal 
model that well describes the finite population. We still make use of the stratified pseudo-finite population 
in Section 5.2, but generate the response variable Y  according to the strata. Specifically, the values of Y  
for units in strata (Male, 55+) and (Female, 55+) were generated by  

6 18 20 380.6 0.4 0.4 0.6 ,Y X X X X       

while the values Y  for units in the strata (Male, 55-) and (Female, 55-) were generated by  

6 18 200.6 0.4 0.4Y X X X      
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with  0,1N  denoting a random error. In other words, we assume that variable 38X  is influential 

only for people aged 55 and older, but not for people younger than 55. In addition, we further violate the 
presumed Model 1 by excluding 6X  from the set of candidate covariates, which mimics the situation 

where one important design feature is omitted in the modeling. A stratified SRSWOR of size 500 or 1,000 
is drawn using the first sampling plan in Section 5.2. The weighted and unweighted procedures are then 
tested for the variable selection based on the sampled units. 

We summarize the simulation results in Table 5.3 by estimating the selection rates of 18 ,X  20 ,X  and 

38X  based on 1,000 replications. Similar to the previous simulations, the averaged model size (AMS) and 

the testing RSS of selected models (i.e., the averaged RSS based on testing data of size 200) are also 
included in the summary. From Table 5.3, we see that when the model assumption is violated, the pseudo-
likelihood-based BIC still achieves relatively high prediction accuracy by suggesting relevant variables 
with high probability. In contrast, ignoring the survey weights leads to nearly 9% relative loss on the 
testing RSS because of the exclusion of 38 .X  Apparently, increasing the sample size helps to improve the 

goodness of fit for the misspecified models, yet the improvement is at a cost by including more variables. 

 

Table 5.3 
Selection frequency of influential variables in model mis-specified case; The averaged model size 
(AMS) and the testing residual sum of squares (RSS) are also reported. 
 

Weights  Criterion  18X  20X  38X  AMS  Testing RSS 

n  500 
Ignored GCV  0.78 0.95 0.56 5.9  1.93 

 AIC  0.95 0.99 0.73 12.5  1.95 
 BIC  0.83 0.97 0.60 6.6  1.93 

Included  GCV  0.73 0.92 0.84 6.3  1.77 
 AIC  0.91 0.99 0.85 12.5  1.79 
 BIC  0.78 0.94 0.83 6.9  1.77 

n  1,000 
Ignored  GCV  0.96 1.00 0.79 7.6  1.87 

 AIC  0.99 1.00 0.87 13.1  1.88 
 BIC  0.97 1.00 0.80 7.9  1.87 

Included  GCV  0.93 1.00 0.94 7.6  1.71 
 AIC  0.98 1.00 0.96 13.0  1.72 
 BIC  0.94 1.00 0.94 7.7  1.71 

 

5.4  Analysis of SLCDC data 
 

To illustrate the application of proposed BIC, we use it to identify health behaviors that affect the 
control of blood pressure using SLCDC 2009. The response variable is BMHX_02 from the working data 
obtained from SLCDC, which has 2 levels indicating whether or not the blood pressure of the respondent 
is under control, based on the latest measurement by a health professional. We treat the remaining 39 
variables in the working data as candidate covariates, and our goal is to identify the influential covariates 
that are associated with blood-pressure control. We build a logistic regression of BMHX_02 on the 
candidate covariates and use PPL-BIC with SCAD penalty to select the influential ones (weights are 
scaled by 310k  ). As a preliminary step, each covariate is standardized such that the corresponding 

first and second weighted sample moments are zero and unity respectively. For comparison, the AIC and 
GCV are also used in the analysis. 
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In Figure 5.1, we plot the scores of criterion with respect to the degree of model sparsity. We see that 
the BIC selects a model with 11 covariates, while the GCV and AIC pick the same model with 24 
covariates. When survey weights are ignored in the selection procedure, models with 7 or 21 covariates 
are suggested based on the standard BIC or GCV/AIC. The distinction between the weighted and 
unweighted selection results reflects the potential distortion in the correlation structure of the sampled 
units. Such a distinction may also be explained by model mis-specification for part of the SLCDC 
population (Lohr and Liu 1994). Given the potential bias for unweighted methods, the weighted selection 
results are more plausible in the analysis. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 5.1 Selection criteria values based on candidate models  

 

We further assess the selected models in terms of predictive accuracy as follows. First, we draw 500 
independent sets of 5,868 bootstrap samples (with replacement) from the working data of SLCDC. For the 

tht  bootstrap sample ,td  1, , 500,t    the survey weight iw  for the thi  unit is adjusted by ti ti iw v w  

with tiv  denoting the number of times that the thi  unit is selected in .td  We then fit the selected models 

to each bootstrap sample (with weights accounted accordingly), and evaluate their weighted positive and 
negative prediction rates (WPPR, WNPR) by  
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where iy  and ˆ iy  denote the thi  response in BMHX_02 and its predicted value. We summarize the 

averaged WPPR and WNPR based on 500 bootstrap samples in Table 5.4 according to three different 
benchmark values (i.e., 0.25, 0.35, 0.45). 

From Table 5.4, we observe that the models selected from unweighted analysis have lower WPPR in 
general, which provides additional support for using survey weights in the selection procedure. Compared 
with GCV/AIC, the BIC selects the model with a slightly conservative WPPR but a higher WNPR. 
Nevertheless, the difference is not significant. Noticeably, the size of BIC-selected model is much less 
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than the GCV/AIC selected one, which provides an easier interpretation between the response BMHX_02 
and the covariates. 

 

Table 5.4 
Prediction accuracy for selected models: (WPPR, WNPR) based on different benchmarks. 
 

Weights  Criteria  0.25  0.35  0.45  

Ignored  AIC/GCV  (0.646, 0.525) (0.460, 0.688) (0.299, 0.811) 
 BIC  (0.649, 0.513) (0.445, 0.705) (0.265, 0.818) 

Included  AIC/GCV  (0.645, 0.523) (0.488, 0.682) (0.338, 0.790) 
 BIC  (0.654, 0.532) (0.485, 0.706) (0.322, 0.830) 

 

 

To assess the stability of selection, we repeat the weighted selection procedure based on the 500 
bootstrap samples. In Table 5.5, we list the bootstrap selection rate for the seven most significant 
covariates according to their MLE in the original SLCDC working data. The corresponding coefficient 
estimates and standard errors are also included based on the bootstrap samples. From Table 5.5, we find 
that only four significant covariates (i.e., DHHX_AGE, GENXDHMH, INHX_06, HWTDBMI) are 
consistently selected by BIC, while the GCV/AIC tends to pick more unreliable ones in the model. The 
BIC-based selection result suggests that the control of blood pressure is strongly associated with age, body 
weights, mental health and the medication information. Our observation echoes many hypertension studies 
in the literature (see, e.g., Gelber, Gaziano, Manson, Buring and Sesso 2007; Yan, Liu, Matthews, 
Daviglus, Ferguson and Kiefe 2003). 

 

Table 5.5 
Bootstrap selection results for significant variables: (Estimated coefficient, Standard error, 
Selection rate). 
  

Variable  GCV AIC BIC 

GEO_ON  (0.14, 0.09, 0.86) (0.16, 0.09, 0.92) (0.09, 0.09, 0.58) 
DHHX_AGE  (-0.29, 0.09, 1.0) (-0.32, 0.09, 1.0) (-0.27, 0.08, 1.0) 
GENXDHMH  (-0.15, 0.05, 0.99) (-0.15, 0.05, 0.99) (-0.14, 0.06, 0.92) 
SMHXDSLT  (0.11, 0.07, 0.76) (0.12, 0.07, 0.84) (0.08, 0.09, 0.47) 
MOHXDBPM  (-0.08, 0.07, 0.67) (-0.09, 0.06, 0.81) (-0.05, 0.07, 0.35) 
INHX_06  (0.18, 0.06, 0.97) (0.18, 0.06, 0.99) (0.18, 0.07, 0.91) 
HWTDBMI  (0.14, 0.06, 0.95) (0.14, 0.06, 0.97) (0.13, 0.06, 0.91) 

Ave. Model Size  23.1 27.8 10.3 

 
6  Concluding remarks 
 

In this paper, we have addressed the variable selection problem in the analysis of complex surveys. 
When units are selected through disproportionate sampling, the data correlation structure reflected in the 
sample can be distorted. Incorporating sampling weights in the selection process is protective against the 
biased selection results. In this spirit, we derived a survey-weighted BIC criterion based on the pseudo-
likelihood and further proposed an efficient procedure (PPL) for its implementation. With some regularity 
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conditions, we showed that our criterion consistently identifies the influential variables under a joint 
randomization framework. The decent performances of proposed method was confirmed by numerical 
studies. 
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Appendix 
 

Table A.1 
Variables for analysis of SLCDC data with non-response adjustments: A: allocate to other 
categories; D: delete from the data; M: impute by mean values; NA: no adjustment applied. 
 

 Variable  Description  Levels  Missing Adjust 

1 BMHX_02  Blood pressure control status  2  1.6% D 
2 GEO_QB  Provinces grouped by region - QC  2  - - NA 
3 GEO_ON  Provinces grouped by region - ON  2  - - NA 
4 GEO_BC  Provinces grouped by region - BC  2  - - NA 
5 GEO_PR  Provinces grouped by region - PR  2  - - NA 
6 DHHX_AGE  Age  Cont.  - - NA 
7 DHHX_SEX  Sex  2  - - NA 
8 GENXDHMH  Perceived mental health  2  0.2% A 
9 CNHX_05  High blood pressure - age when diagnosed  Cont.  2.7% D 
10 MEHX_02  No. of medications taken  Cont.  0.3% M 
11 MEHX_03  No. of times per day medications taken  Cont.  0.1% M 
12 MEHXGMED  No. of medications for high blood pressure  Cont.  2.0% M 
13 MEHX_06  No. of times per day bp medication taken  Cont.  1.0% M 
14 MEHXDMCO  Medication compliance - overall  2  0.2% A 
15 HUHXDHP  Consulted family doctor about hbp  2  0.1% A 
16 SMHX_11A  Smoked at any time since being diagnosed 2  0.1% A 
17 SMHX_13A  Drank alcohol since being diagnosed 2  0.2% A 
18 SMHXDSLT  Daily salt intake  2  0.2% A 
19 SMHXDFDC  Dietary foods  2  0.1% A 
20 SMHXDPAC  Exercise/physical activity  2  0.1% A 
21 SMHXDBW  Body weight control  2  0.2% A 
22 MOHXDBPM  Self-monitoring of blood pressure  2  0.3% A 
23 MOHX_02  Correct use of bp measurement device  2  0.5% A 
24 INHX_01A  Info from family doctor  2  2.4% A 
25 INHX_01F  Info from family member/friend  2  2.4% A 
26 INHX_02A  Info from book, pamphlet, brochure  2  1.5% A 
27 INHX_02C  Info from package insert with medication  2  1.5% A 
28 INHX_02G  Info from media  2  1.5% A 
29 INHX_02H  Info from internet  2  1.5% A 
30 INHX_04  Info received - emotional impact of hbp  2  0.8% A 
31 INHX_06  Info received - correct use of medication  2  0.6% A 
32 INHX_07  Info received - additional information  2  0.9% A 
33 CPGFGAM  Gambling activity  2  0.5% A 
34 DHHDECF  Household type  2  0.2% A 
35 EDUDH04  Highest level of education in household  2  3.4% A 
36 FVCGTOT  Daily consumption - fruits and vegetables  2  5.2% A 
37 GEODUR2  Urban and rural areas  2  - - NA 
38 HWTDBMI  Body mass index (BMI) self-report  Cont.  2.1% M 
39 INCDRPR  Household income - provincial level  10  9.6% A 
40 SACDTOT  Total number hours - sedentary activities  Cont.  1.5% M 
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Table A.2 
Influential and design variables in simulation settings:   - influential variable to the response;   - 
design variable affecting sampling probabilities in the 1st plan;   - design variable affecting 
sampling probabilities in the 2nd plan. 
 

  Variable   Model 1  Model 2  Model 3   Model 4 

6  DHHX_AGE   *     *              
7  DHHX_SEX           *      *    
8  GENXDHMH     *     *   

10  MEHX_02   *   *     
18  SMHXDSLT   *    *      
22  MOHXDBPM   *    *      
26  INHX_02A     *     *   
28  INHX_02G       *  
30  INHX_04    *     
34  DHHDECF    *     
36  FVCGTOT       *  
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