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Abstract 
 

Collecting information from sampled units over the Internet or by mail is much more cost-efficient than conducting 
interviews. These methods make self-enumeration an attractive data-collection method for surveys and censuses. Despite 

the benefits associated with self-enumeration data collection, in particular Internet-based data collection, self-enumeration 

can produce low response rates compared with interviews. To increase response rates, nonrespondents are subject to a 
mixed mode of follow-up treatments, which influence the resulting probability of response, to encourage them to 

participate. Factors and interactions are commonly used in regression analyses, and have important implications for the 

interpretation of statistical models. Because response occurrence is intrinsically conditional, we first record response 
occurrence in discrete intervals, and we characterize the probability of response by a discrete time hazard. This approach 

facilitates examining when a response is most likely to occur and how the probability of responding varies over time. The 

nonresponse bias can be avoided by multiplying the sampling weight of respondents by the inverse of an estimate of the 
response probability. Estimators for model parameters as well as for finite population parameters are given. Simulation 

results on the performance of the proposed estimators are also presented. 
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1. Introduction 
 
Mixing modes of follow-up and data collection offers the possibility of offsetting the disadvantages of one mode 

with the advantages of another. For example, recognizing that the Internet, unlike mail, offers the ability to move 

data capture and editing closer to the respondent, many statistical agencies are now offering electronic 

questionnaires as a voluntary option to both improve quality of statistical processes and reduce survey costs. This 

potential increase in survey quality in combination with the fact that collecting information from sampled units over 

the Internet or by mail is much more cost-effective than conducting interviews makes self-enumeration an attractive 

data-collection method for surveys and censuses. Although there are benefits associated with self-enumeration, in 

particular Internet-based surveys, as well as an expected wider application of this approach in future, self-

enumeration brings particular difficulties to surveys and censuses. Observed values of typical variable of interest y  

might depend on the variable 
my  associated with mode m  of data collection, Mm ,...,1 , where M  is the number 

of modes of data collection under consideration for a given survey. In principle, each unit k  of the population P  of 

size N  has all responses, i.e., a response kmy ;  that would have resulted if it had chosen mode m . Since each unit 

receives or chooses only one mode, only one response is observed. If the variable of interest is defined uniquely and 

independently from each mode, then 
kmy ;
 represents the value the unit believes is the correct answer for 

ky  to y , 

resulting from the medium of mode m  in which the question is presented to the unit. Suppose that the model mean 

of the response 
ky  is specified by )()( Θ

T

kkkM yE χ , where  T

pkkk ),...,( 1 χ  is a 1p  vector of explanatory 

variables, T

p ),...,( 1 Θ  is the 1p vector of model parameter and 
ME  denotes model expectation. We assume 

that the finite population parameter associated with the vector model parameter Θ  is defined as solution to an 

estimating equation of the form  

0ΘΘΘ  )();()( vsS kk y , (1.1) 
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where 
k  is the sum over all the finite population units, the known function );( Θkys  is a p -dimensional vector-

valued function of 
ky  and the know function )(Θv  allows for explicitly defined parameters. For linear and logistic 

regression models, ))(();( ΘΘ
T

kkkkk yy χχs   and 0Θ )(v . For the special case of the finite population total 

kk yY  , 
kk yy );( Θs , 

N)(Θv  and YN  .  

 

One of the main objectives of the mixed-mode of data collection is to influence the unit to get its cooperation, 

regardless of its preference for data-collection mode. The overall coverage rate for unit k  for the combined modes 

can be defined as km

M

mkm

M

mk rrr ;1;1 )1(1    and the overall probability of response can be represented in the 

mixture form kmm

M

mk ;1   , where 
m  is the proportion of the population using mode m , )( ;; kmrkm rE  is the 

probability of response associated with mode m  of data collection and 
rE  denotes expectation with respect to the 

response mechanism. If the mixed-mode can increase the overall response rates, we will, of course, be pleased to 

quantify and examine the contribution of each mode of the response probability. In reality, self-enumeration can 

produce low response rates in comparison to interviews. To gain nonrespondents’ cooperation and therefore 

maximize survey quality, nonrespondents are assigned to a mixed-mode of follow-up treatments. Different costs are 

associated with different treatments. For example, face-to-face follow-up is more expensive than telephone follow-

up. Currently, in some business surveys, to reduce the total cost of data collection, follow-up for nonresponse is 

performed on only a portion of nonrespondents. These units are often identified in a deterministic way based, for 

example, on their expected contribution to the estimate. In addition, since a significant number of units are never 

followed up for nonresponse, the final response rate can be very low. The nonresponse bias can be avoided by 

multiplying the sampling weight of respondents by the inverse of the response probability. Since the response 

probability is unknown, estimated probability is used. As noted by Rosenbaum (1987) and others, estimators using 

the estimated response probability can be more efficient than estimators using the true response probability.   

 

Given the above issues, one question should first be of particular interest to statistical agencies: How should both the 

response probabilities under mixed-mode and the influence of the follow-up treatments on the resulting probability 

of response be modelled? Other relevant questions include the following: If one factor of the mixed-mode is 

improved, what will be the effect on the performance of the response mechanism? How can we estimate the 

response probability due to a particular mixed-mode factor of interest with the presence of the other mixed-mode 

factor? As intensive follow-up is expensive, a follow-up strategy is needed to make optimal use of resources 

compared to the quality of the estimates. Since a follow-up treatment could produce estimates with better quality, 

the strategy should consist of allocating nonrespondents to different treatments while controlling for data collection 

costs. In an attempt to discuss some of these and other issues, and given the page limitation of this paper, the first 

part of our work below is organized as follows: in Section 2, the response probability is first characterized by a 

discrete-time hazard, then factors and interactions are considered through regression analysis; in Section 3, 

estimators of the regression (or nuisance) parameter as well as estimators of the parameter of interest under the 

previously mentioned setup are studied; and, in Section 4, simulation results are presented. 

 

 

 2. Formalizing a response model 

 

2.1 Discrete-time hazard 
 
Consider a homogeneous sample of units, each at risk of experiencing a single target event,  ̶  responding. The target 

event is nonrepeatable. To record response occurrence in discrete intervals, we divide continuous time into a 

sequence of continuous time periods: 1, 2, and so on. Suppose the duration of data collection is made up of I  time 

periods. Let t  represent the discrete random variable that indicates the time period i  when the response occurs for a 

randomly selected unit from the sample. Then each unit k  is observed until some period 
kI , with II k  . 

Observation of the unit could be discontinued for two reasons: 1) the unit responds; or 2) the survey ends. In the first 

case, 
kIt  . In the second case, it is only known that It  . Units with It   are right-censored—it is unknown 

whether they respond. Because response occurrence is intrinsically conditional, we characterize t  by its conditional 

probability density function  ̶  the distribution of the probability that a response will occur in each time period given 

that it has not already occurred in a previous time period  ̶  known as the discrete-time hazard function. Discrete-time 



hazard, ),( βxkkih , 
kih  for short, is defined as the conditional probability that unit k  will respond in time period i , 

given that the unit did not respond prior to i : 

)|Pr( itithki  , (2.1) 

where 
kx  refers to both time-invariant and time-varying explanatory variables and β  is the unknown vector 

parameter to be estimated. For unit with it  , the probability of obtaining a response at time period i  could be 

expressed in terms of the hazard as  

)1()Pr( 1

1 kj

i

jki hhit  

 . (2.2) 

For units with it  , the probability of obtaining a response can be expressed as  

)1()Pr( 1 kj

i

j hit   . (2.3) 

We assume that every unit in the sample lives through each successive discrete time period until the unit responds or 

is censored by the end of data collection. The use of mixed-mode modifies the expression for the hazard function in 

(2.1) as mkim

M

mki hh |1  , where 
mkih |

 is the discrete-hazard function for mode m . The marginal probability of 

obtaining a response after I  time periods is given by 
)(

11 )1(1 i

k

I

iki

I

ik h    . (2.4) 

where )1(1

1

)(

kj

i

jki

i

k hh  

 . It is easily seen from (2.4) that 
k  increases (or stays the same) as the level of effort 

increases, where the level of effort is seen in terms of follow-up treatments and data-collection periods. This 

suggests that costs and benefits of increasing the level of effort should be explored given that, in some 

circumstances, there are a number of follow up treatments made with a high percentage of cost expanded to get 

values from a few nonrespondents. 

 

2.2 Influence of follow-up on response probability 
 

We now express the inverse link function of the hazard rate as a function of explanatory variables 
kix  and a vector 

parameter β  to be estimated. For units under self-enumeration data collection, the inverse link form of the hazard-

rate is expressed as 

),()( )0()0(-1
βxkikihg  , (2.5) 

for known function (.) , where )0(

kix  is the vector of explanatory variables for self-enumeration, )0(
β  is the 

associated unknown vector parameter to be estimated, )0(

kiki xx  , )0(
ββ   and (.)g  is a link function—although the 

link function is generally used to transform (or to link) the conditional mean to the linear predictor βx
T

ki . For 

example, aag )(  with βxβx
T

kiki ),(  gives a linear regression model and )}exp(1/{)exp()( aaag   with 

βxβx
T

kiki ),(  gives a logistic regression model for binary responses 
kir , where 

kir  is a sequence of response 

indicators defined for each unit k  whose values are defined as 1kir  if the unit does respond in period i  and 0kir  

if the unit does not respond in period i . 

 

Additional influences on response probability can be investigated by adding further predictors to the initial discrete-

time hazard model. For instance, the following model differs from the model in (2.5) by the inclusion of the time-

variant predictor follow-up )1()1(

kiki x , the influence of which is captured by the parameter )1(
β :  

),;,()( )1()1()1()0()0(-1
βxβx kikikikihg  , (2.6) 

where the value of )1((

ki  is set to 1 if the first follow-up treatment is started, or set to 0 if this is not the case, with 
TT

kiki

T

kiki ),( )1()1()0(
xxx   and TTT ),( )1()0(

βββ  . Note that (2.6) can be used to define different slopes and intercepts, in 

which case the parameter )1(
β  reflects the changes in the intercepts and in the slopes associated with changing from 

self-enumeration only to self-enumeration followed by the first follow-up treatment. For example, in the 

specification )1()1()0()0(),( βxβxβx
T

ki

T

kiki  , Ii ,...,1 , with )0(

1

)0(

0

)0()0(

ikii

T

ki x  βx  and )( )1(

1

)1(

0

)1()1()1(

ikiiki

T

ki x  βx , the 

regression parameters )0(

0i , )0(

1i  and the values 
kix  represent respectively the intercept, the slope and the predictor 

associated with self-enumeration data collection in time period i . We have T

kIkkIkki xxDD ),...,,,...,( )0()0(

1

)0()0(

1

)0( x  and 

T

II ),...,,,...,( )0(

1

)0(

11

)0(

0

)0(

01

)0( β , where 1)0( kiD , kiki xx )0( , 0)0( kjD  and 0)0( kjx  for ij  . The vector predictor follow-

up is given by T

kIkkIkki xxDD ),...,,,...,( )1()1(

1

)1()1(

1

)1( x  and the changes due to the follow-up in the intercepts and slopes are 



reflected by vector parameter T

II ),...,,,...,( )1(

1

)1(

11

)1(

0

)1(

01

)1( β , where 1)1( kiD , 
kiki xx )1( , 0)1( kjD  and 0)1( kjx  for ij  . 

To increase response rates, nonrespondents are subject to intensive multiple follow-ups by telephone or other 

treatments to encourage them to participate. A treatment can take the form of mailed reminders, emailed reminders, 

telephone calls or in-person interviews. The follow up process through treatments is conducted using data collection 

calendars with a specific strategy for each sampled unit. In case of J1  follow-up treatments, the inverse link form 

of the hazard-rate can be expressed as ),()( βxkiki

-1 hg  , where TTJ

ki

J

ki

T

kiki

T

kiki ),...,,( )()()1()1()0(
xxxx   and 

TTJTT ),...,,( )()1()0(
ββββ  . 

 

Consider the case of 1J  where 
1T  consists of intensive follow up and 

0T  consists of sending the questionnaire, 

and suppose for simplicity the case in which the response outcome is instant. After collecting the response from self-

enumeration respondents, follow-up is performed in a deterministic way—nonrespondents with ku  are assigned 

to treatment 
1T , where   is a predetermined constant and u  is an auxiliary variable with values available for all 

sampled units. Suppose all units under 
1T  responded, while the other units have still not responded. We have 

11)1( 11  kkk hh  for unit k  with ku  and 
111 0)1( kkkk hhh   for units with ku . This highlights the 

significant effect of follow-up on the probabilities of response. 

 

 

3. Estimation 
 

3.1 Likelihood function and the EM algorithm 
 
The mode of data collection is known for a unit that responds at any time of data collection, while it is unknown for 

a unit that is censored. Let’s define a vector of indicator variables as 1; km  if unit k  uses mode m , and 0; km  if 

not, where T

Mkkk ),...,( 1    are realizations of independent and identically distributed random variables according 

to a multinomial distribution, ),1( φMMult , and T

M ),...,( 1 φ  is the vector of the population proportions with 

11   m

M

m  . Consequently the likelihood for the complete data is given by 

km

kmm

M

mkc tfL ;)}({)( 1


Φ , (3.1) 

and the log-likelihood for the complete data is given by )}(log{log)( ;1 kmmkm

M

mkc tfl   Φ , where 

TT

M ),,...,( 11 β Φ , )( km tf  is )( ktf  for mode m , 

kk

kkk ItIttf
 


1

)>Pr()Pr()( , (3.2) 

1k  if unit k  is uncensored and 0k  if unit k  is censored. When unit k  is censored, either unit k  will respond 

at some future time period It >  or the unit will never respond. To derive maximum likelihood estimates, we use the 

Expectation Maximization (EM) algorithm introduced by Hartley (1958)—formalized and termed by Dempster et al. 

(1977)—which has become a major tool for finding maximum likelihood estimates in situations considered 

practically intractable such as missing data. Using some initial value for Φ , say )(b
Φ , the E-step of the EM 

algorithm requires the calculation of a function of Φ , ),( )(bQ ΦΦ , such that },|)({),( )()()( bo

c

b lEQ ΦΦΦΦ l , where Φ  

is the parameter of interest, )(b
Φ  is the value of Φ  in the previous iteration, and )(o

l  is the observed data. Then, the 

M step of the EM algorithm intent to choose the value of Φ , say )1( b
Φ , that maximizes ),( )(bQ ΦΦ . If we iterate the 

E-step and M-step until convergence, under regularity conditions, the algorithm converges to the maximum 

likelihood estimate. We have 

)(loglog),( )(

;1

)(

;1

)(

km

b

km

M

mkm

b

km

M

mk

b tfQ   ΦΦ , (3.3) 

that is, each indicator variable km;  is replaced by ),|( )()(

;

)(

;

bo

km

b

km E Φl , its expectation conditional on the 

observed data )(o

kl . The E step of the algorithm involves creating a set of “pseudo-data” in which the respondents are 

left intact and the nonrespondents are fractionated into M  partially complete pseudo-observations. The weight 

assigned to this pseudo-observation is the conditional probability that the unit belongs to an associated population. 

The conditional expectation km;  is the probability that unit k  uses mode m  given the observed data and prior 

estimation of the parameters. Once )(b
Φ  has been obtained, estimates of the conditional probabilities can be formed 

for each k . The conditional probability that a nonrespondent k  uses mode m  is given by 



)()}({ )()(1)()()(

; k

b

m

b

mk

b

n

b

nn

b

km tftf   , where )()(

k

b

m tf  is ),( )(b

ktf β  for mode m . Estimation of Φ  and 
km;  are alternated 

repeatedly, where in their subsequent execution, the initial fit )(b
Φ  is replaced by the current fit )1( b

Φ  for Φ . From 

the first term of the right hand of (3.3), we get the subsequent estimate )1( b

m  of 
m  using 

0}{)( )(

;

)(

;  b

kmmm

b

kmkmcS  . (3.4) 

The last term of the right hand of (3.3) corresponds to the response-time distribution and involves only β . 

Substituting (2.2) and (2.3) into (3.2), and taking the logarithm yields 

)1log()}1/(log{)(log 1 ki

I

ikIkIkk hhhtf k

kk
  . (3.5) 

Using the sequence of response indicators 
kir , expression (3.5) can be rewritten (Allison, 1982) as 

)1log()}1/(log{)(log 11 ki

I

ikikiki

I

ik hhhrtf kk  
. Taking the derivatives, we get 

1

1 )}1(){)((/)(log 

  kikikikiki

I

ik hhhrtf k βhβ  , (3.6) 

where ββh  /)( kiki h . Under a census case, the subsequent estimate )1( b
β  of β  is the value that satisfies 

0  ββS /)(log)( )(

;1 km

b

km

M

mkc tf , (3.7) 

where β /)(log ktf  is given by (3.6). 

 

3.2 Estimation of the parameters from survey data 
 
Suppose a probability sample s  is selected from the finite population and let )(sdk

 denote the sampling weight 

attached to unit k  with 0)( sdk
 if sk  . We use the design weights to estimate the estimating equations of the EM 

algorithm. The weighted estimating equation associated with (3.4) and (3.7) is given by  

 0ΦΦ  )()()(ˆ
;kckkc sd sS , 

where TT

cM

T

c

T

cc ))(),(),...,(()( 11 βSSSS  Φ . The parameters of interest must still be estimated. An estimator Θ̂  of the 

parameter Θ  associated by (1.1) is the solution of the weighted estimating equation  

 0ΘΘΘ  )();()ˆ/)(()(ˆ vsS kkkkk yrsd  , 

with 
ki

I

iki

I

ik rrr kk

11 )1(1    and )ˆ(ˆ βkk   . Since respondents in one mode cannot be considered a random 

subsample of the whole population, an estimator 
mΘ̂  of the parameter of interest 

mΘ  associated with mode m  is the 

solution to the weighted estimating equation  

 0ΘΘΘ  )();()ˆ/)(ˆ/)(()(ˆ
;;; mmkmkmkmkkkkm ylrsd vsS  . 

 

 

4. Simulation study 
 
We conducted a small simulation study to illustrate the performances of the estimators of the model parameters as 

well as estimators of the finite population totals related to the mixed-mode of data collection. We generate values for 

each unit k  of a finite population of size 2000N  independently from the model 
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where y  is the variable of interest, u  is the auxiliary variable, 2 uy   and 8. . We set 2M  and we 

created the proportions of mail and Internet populations using ),1(~),( 2;; φMultT

kIkMk    with 

TT

IM )4,.6(.),(  φ  and values of the variable of interest associated with each mode of data collection are 

generated from 

  )1(),(~| 2

; mykmmkkm yNyy    for },{ IMm , 

with 3)(  MmM yE , 4)(  ImI yE , 3.),(  yyMM   and 7.),(  yyII  . We maintained the population 

values ),,,,,( ;;;; kIkMkIkMkk yyuy   fix for Nk ,...,1 , and we selected 200A  Bernoulli samples each of sampling 

fraction 5.f  from the generated population. We set 7I  and 2J . Nonrespondents at time period 2 with 



uku   are assigned to 
1T , while nonrespondents at time period 4 are assigned to 

2T . In this case, we have in total 

two strategies 
1S  and 

2S , where )0,0,0,,0,0,0( 21 TS   and )0,0,0,,0,,0( 212 TTS  . We created respondents and 

nonrespondents using ),1(~ kiki hBr , with βx
T

kikihlogit )( , )()()( 210 TFTFTFxT

ki β , tTF IkIMkM )()( )0(

;

)0(

;0    , 

1

)1(

;

)1(

;1 ))(3(1)(1)( ttuTF IkIMkMuk     and 
2

)2(

2 )5(1)( ttTF  , where ()1  is the truth function and 
jt  is the time 

period since treatment 
jT  has been started. Table 4-1 displays values of the response model parameters. The first 

component 
Nφ  of the vector parameter TTT

N ),( βφΦ  corresponds to the mode of data collection and involves the 

finite population proportions T

kIkMk

T

NINMN N ),(),( ;;

1

;;  φ , while the second component β  of the vector 

parameter corresponds to the response-model and involves T

IMIM ),,,,( )2()1()1()0()0( β . We estimated Φ  using the 

EM algorithm. Let ̂  denote an estimator of the parameter of interest  . We calculated ̂ , from each repetition a (

Aa ,...,1 ) and their averages 
a

A

aA  ˆˆ
1

1



  , where 
â  is the value of ̂  for the tha  sample. The simulated bias, 

relative bias and mean squared error (MSE) of ̂  are calculated as )ˆ()ˆ(  B ,  /)ˆ()ˆ( BRB   and 

2

1

1 )ˆ()ˆ(   



a

A

aAMSE  respectively. The overall response rate for the 200 repetitions varies from a minimum of 

.72 to a maximum of .79 with mean around .76. The minimum, maximum and mean of the EM iterations are 12, 17 

and 15 respectively. All cases converged. We calculated )ˆ(B  for regression parameters, and those values are 

reported in Table 4-1. Table 4-1 clearly demonstrates that the bias is small for each regression parameter. We also 

considered the estimation of the finite population total: T

kmkkk IMmyy }),{;,( ; Θ . We used two sets of weights: 

the first set of weights uses estimated model parameters, T

kmkmkkkkkk IMmlrsdrsd }),{);ˆ/)(ˆ/)((),ˆ/)((( ;;  ; while the 

second set of weights uses the true model parameter, T

kmkmkkkkkk IMmlrsdrsd }),{);/)(/)((),/)((( ;;  . We calculated 

)ˆ(RB  and MSE ratios for each estimator ̂  with 
kkkkk yrsdY )ˆ/)((ˆ   and those values are reported in Table 4-2. 

Table 4-2 clearly indicates that all relative biases are small. The estimator using an estimated regression parameter is 

more efficient than an estimator using the true regression parameter. For comparison, Table 4-2 also provides results 

for calibrated estimators to the population size, which indicate that calibration-to-population size is highly efficient. 

 

Table 4-1 

Bias for Model Parameter Estimates 

Parameter  : NM ;  
NI ;  )0(

M  )0(

I  )1(

M  )1(

I  )2(  

Value .61 .39 -.7 -.4 .7 .1 .1 

Estimate .60 .40 -.7 -.4 .7 .09 .09 

)ˆ(B  -.0016 .0016 .0007 -.0003 .0012 -.0055 -.006 

 

 

Table 4-2 

Relative Bias and Mean Square Error Ratios for Finite Population Totals 

 

Parameter of interest 

 

Weights 

Relative bias and (MSE ratios) 

Model parameter 

Estimated True 

kk y  Design .0002 (1.00) -.0004 (  1.56) 

Calibration* -.0002 (  .32) -.0005 (    .35) 

kMkM y ;  Design -.0024 (2.76) .0063 (  6.46) 

Calibration* .0035 (  .81) -.0036 (    .83) 

kIkI y ;  Design .0031 (3.66) -.0111 (14.98) 

Calibration* .0037 (  .85) .0036 (    .91) 
*Calibration to the population size 

 

 

 

 



5.  Concluding remarks 
 
This paper has introduced discrete-time hazard to the analysis of response indicators in surveys and censuses. The 

proposed approach facilitates examination of the shape of the hazard function. Since inspection of the shape of the 

hazard function indicates when a response is most likely to occur, and how the probability varies over time, the 

description of the shapes of hazard function have an important role to play in survey quality and cost. We used 

regression analysis to investigate the effect of mixed-mode on the response probability. Estimators of model 

parameters as well as estimators of finite population under mixed-mode surveys were given.  
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